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SUPPLEMENTAL MATERIAL
SUPPLEMENT A: AUXILIARY RESULTS AND PROOFS

We first state two auxiliary results that are useful for the theoretical arguments. One of

these is a Bernstein-type concentration inequality (Del Barrio et al. 2007} |Geer|[2006): Let

X1,...,X, be independent real-valued random variables with expectation zero. Suppose
that for all 7,
0
E|X;|* < 505-232, (=23,...
Then for any a > 0,
n 2
a
P X;>a)< - 26
(30%i20) < explgry (26)

i=1
A second auxiliary result relates uniform convergence of eigenfunctions to the uniform

convergence of corresponding covariance functions.

Lemma 1. Under assumption L.3, if SUpy, 1,eT ses |G(ty, t2]s)—G (L1, ta]s)| = O(an), a.s.,
then

L |0k (t]s) — dx(t]s)] = Olan), a.s.

Let m,, = %ZLI mi, L, = min; ;{L;;} and hy, hg denote the smoothing bandwidths
to estimate pu(s,t), and by, bg the smoothing bandwidths for G(¢1,t2|s) when smoothing
is used. For the second FPCA step, let by, denote the smoothing bandwidth for Ry (s1, 82),
where Rg(s1,$2) = cov(&e(s1),&k(s2)), k> 1.

In the following proofs, we do not consider measurement errors for dense designs, as
then pre-smoothing can be used to construct continuously observed functions with greatly
reduced errors.

Proof of Theorem 1. Define G = (¢;,s;) for 1 < < L and 1 < j < m. Under the
assumptions max;(t; — ¢-1) = O(n™') and max;(s; — s;_1) = O(n™'), we only need to

consider the case L = n and m = n.



Since T x § is compact, and X;(¢|s) is Lipschitz continuous by (L.2), and the values

between grid points are obtained by linear interpolation, we have

N . 1
sup |fu(t]s) — u(tls)| = sup |a(t]s) — p(t]s)] + O(=).
teT,s€S (t,s)eCG n

Now considering a fixed (¢, s) € G, using condition (L.1.a), by , for any a > 0,

n

P (% Z(Xl(t\s) — ,LL(t|5)) > (1Oin>1/2a> < exp (_2((n logT;l)Cl)iZg " nBQ)) _ niB*,

i=1
where B* = a2/[2((10%)1/2a0 + B?)]. Thus,

l * *
P(sup [ft]s) = u(t]s)] > (7)) < 22 x 07 = 20275 (27)
(t,s)eG n

We can find large enough a such that B* > 2 for large n. Then,

sup_[jtls) — ultls)| = O((logn/m)"2),  a.s
teT ,seS

Defining Z;(t1,t2|s) = Xi(t1]s)X;(t2]s) on T2 x S, and using condition (L.1.b), a similar
argument gives the result for G (t1,t2]s), which completes the proof.

Proof of Theorem 2. Write
o1 ={[1+ (hTLn)_1 + (hgmn)_1 + (hgmnhTLn)_l] log n/n}l/Q,

Ona = {[14 (bpLy) ' + (brLy) "2 4 (bgmy,) ~ 4 (bsmnbr Ly) ~ + (bsmpb%L2) " log n/n} /2.

We note that the local linear smoothing estimators defined in (8) and (9) are slightly
different from the one used in Li and Hsing (2010), and modify m, accordingly. The
strong law of large numbers for weighted samples is needed to obtain the same results as
those in Lemma 1 in |Li and Hsing (2010)) (details for this step are provided in a working
paper of Zhang and Wang (2012)). Minor modifications of the proofs of Theorem 3.1 and
Theorem 3.3, with correspondingly modified conditions (A.1) - (A.6), yield

sup |a(t|s) — u(t]s)| = O(h:+ hg + hshy +6,1)  a.s.
teT ,seS
sup |G(ty, ta]s) — G(ty, ta]s)| = O(h% + B2 + hshy + Op1 + b3 4 b% + brbg + 0,3)  a.s.

t1,t2,s

Theorem 2 (a) and (b) now follow by using the respective conditions.



Proof of Lemma 1. Define ||G(-,|s)|| = {[ [ G(t1,t2]s)?dt1dts}'/?, the Hilbert-Schmidt
norm of G(-,-|s) for any s, and ||¢(-]s)|| = { [ ¢ (t|s)?dt}'/2. Then one has

Sup IG(01s) = GCyols)ll = Oan)  aus.

(28)
For each s and for a fixed k, Lemma 4.3 in |Bosq (2000)) implies that

~

Ak(8) = Ae(5)] S NG -18) =Gl n(ls) = (1)l < 2V28, |G (-, -|s) = G-, |s)l],

(29)
where J; is defined in (25). Combining and yields
sup Ak(s) = Au(s)] = Olan)  acs.,
s€

Sup [105(-1s) = ¢x(:-|9)l| = Oan)  a.s.
Note that for any 1 < k < Ko, A(s)or(t]s) = [ G, t]s)¢x(t']s)dt’, and therefore
sup | Ai(5)0u(t]s) — Ai(s)dn(t]s)|
seSteT

< sup k() (t]s) — Ne(s)dn(t]s)] + sup IAk(8)Pu(t]s) — Ne(s)dn(t]s)],

where the second term is O(a,) a.s. and the first term is bounded by

sup| [(G(t.tls) = G, t1)u(t )it | +sup| [ Gt t1s)(Gu(tls) — ou(t]s))a]

= O(sup |Gt t]s) — G(tlat2|5)lsutpl<5k(8|t)| * sup (G (11, tals)| sup [|Gx(-[s) — dr(-]s)I])
1,02,8 S, t1,t2]s s
=0(a,) a.s.,

(30)
using (L.3). Further noting that A\, = inf, |A\x(s)| is a positive constant, Lemma 1 follows.
Proof of Theorem 3. Define

Qin =

(sup [ Xi(t]s)] +sup |u(tls)] + sup [de(tls)] + 1) (logn/n)'/.

As L;' = O(n™'), we can neglect the error in the numerical integration, so may consider
fik(sij) = (Xi(t|sij) — ,[L(t]sij))ggk(t\sij)dt. Noting the target is

Eu(siy) = / (Xi(t]s55) — u(t]si5)) et



one finds, for any k, using (11), (12) and Lemma 1,

sup |G (siy) — an(siy)| < Swp I/ i(tlsi) = n(tlsiy)) (9(t]siz) — d(t]siy))dt]

1<5<m; <j<m;

+ sup | [ (utlsg) = ittt
1<j<m;

+ sup | [ ltls) = ultlsi))(0(t]ss) = 9t = O(6) a.s. 31
7]7m1

where O(+) is uniform over ¢. Then (L.3) and the strong law of large numbers imply (15).
For each k, if the target working processes £ (s) are used, one can easily derive that

sup ]lfik(sl, S9) — Ry(s1,82)| = O((logn/n)l/Q) a.s.

$1,52€S

as in |Yao et al. (2005), Hall et al.| (2006), and |Li and Hsing (2010). Scrutinizing the

estimating procedure for R(sy, s3), we find that if the empirical working data are used,
then

sup |R(s1,82) — R(s1,82)| = O((logn/n)? +0,) a.s.,

$1,52€S8
where 6,, = 1377 6,,; see also |Yao and Lee| (2006). By (15), 6, = O(logn/n)/?) a.s..
This means that the rate of convergence for Ry(s1, s5) and {Qﬂkp(s),p =1,..., B} remains

the same as for the true targets.

Proof of Theorem 4. For the case of a design that is sparse in s, if we were to observe
Xi(tiji|sij), the proof of part (a) would be the same as that of Theorem 3. However, the
additional measurement errors for the sparse case cannot be alleviated by individual curve

smoothing. Starting with noisy observations U;;; = X; (i, sij) + €1, we decompose
Ein(sij) = &k(sij) + Rir(8ij) + €iji,

e Z{Xz] tijilsiz) — Atii|sig) You(tis|si) (Bijt — tiga-1),
L”

Ri(sis) = D ex{onltignlsis) — dnltilsig) }(tigp — tijir),
=2

€ijk = Z €iir(tijilsig) (Liji — tiji—1)- (32)

=2

As L;' = O(n~1), one may neglect the numerical integration error in & (s;;) and consider
gzk 3@] - f( t|8’L] - ﬂ(ﬂsij))gbk(ﬂsij)dt' For the targets g’tk}(sl] - f( t|3w) -
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11(t]s:7)) dr(t]si;)dt, for any k > 1, using (13), (14) and Lemma 1,

max. |Cir(555) — &ir(545)]

= O((sup [ X;(t]s)| + sup |u(t]s)] + sup [ox(t]s)] + 1) (02 + logn/nby)'?))  a.s., (33)
t,s t,s t|s

Einlsiy) — Ealsig)l = O +
logn/nbs)Y?)  a.s., using (L.3). For the remainders R (s;;), by (14) and Lemma 1,

. . . 1 n
where O(-) is uniform over 7. Then =3 " 5 max;<jcpm,

. L:-
my 1 iJ
(5:)] = O((b2 1/2 ’
x| Rig(si5)| = O((b + log n/by)' [ /T, ?1 l€il]) a-s., (34)
j: =

Noting that max;<;<, m; < M for finite M, and as all |¢;;| are i.i.d variables with finite
mean, we have L 3% max;<j<pm, |Ri(si;)] = O((b2 + logn/nbs)'/?),  a.s.

For €, we know that E(€; ;) = 0 and El&j;| < Var(éijk)1/2 = O(L;UQ). Since
m; < M for finite M, we have Esup,jc,,. |€;x| = O(Lx'?) = O((logn/n)"/?), where
O(-) is uniform over ¢ for fixed k. Then by the strong law of large numbers,

n

LS sup [eul = Oltlogn/m)?)  as. )

n ; .
—1<i<m,

Combining , and , (19) follows. For each k, if the true target processes &;(s)
were used, then by the Corollary 3.5 in |Li and Hsing| (2010)),

sup | Ry(s1,52) — Ri(s1,5)] = O(B} + [logn/(nb})]'/*)  a.s.

51,52€S8

Results (20) (21) and (22) then follow by the same arguments as used for Theorem 3.

Proofs of Corollary 1 and Corollary 2. Considering the case of a dense design in s,
for each fixed k and p, the proof for Theorem 3 implies that sup,.g Ei(s) — En(s)] o0,
and also sup,cs [Vrp(s) — Yip(s)] L5 0. Part (a) directly follows.

For part (b), by the Karhunen-Loeve expansion, for fixed s and t,

K
XE(t]s) = plt, s) + > &nl(s)nltls) — Xi(t]s) as K — oo,
k=1

and also for any fixed k and s,
d P
Enls) = Z CikpWPrp(s) — &in(s) as P — oo.
p=1
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Define the truncated version X" (t|s) = u(t]s) + S r_, 25:1 Cikp®Prp(8)i(t|s). For any
integer m > 1, and § > 0, one can find K (m) and P(m), such that

1
2m’

P(IX;"(tls) = Xi(tls)| > 6/2) <

Note that X;(t|s) as in (10) is obtained by plugging in the estimates of ¢y (t]s), 1rp(s)
and Cip in X7 (t|s). Using the consistency results for ¢ (t|s), ¥p(s) and Cip, one can

find large enough n(m) such that
. 1
P(|1X;(t]s) — X[ 2) < —.
(1Xi(t]s) = X7 (ts)| > 6/2) < 5

So for any m > 1 and § > 0, there are large n(m), K(n(m)), and P(n(m)) such that
P(Xi(t]s) — Xi(t]s)| > 6) < L, which implies X;(t[s) — X,(t]s).

For the case of a sparse design in s, note that

Citp = VipWip g Eite (36)

where inkp = (Vrp(si1), - - s Yip(Sim;)), Rir s a m; by m; matrix with (j,/)-th element
Ryi(sij, si1), & is defined as (&(8i1); - -+, &ik(Sim,)), and g, is the pth largest eigenvalue
of the covariance Rj(s1,s2); see also Theorem 3 in [Yao et al. (2005)). Estimates @kp are
obtained from , by substituting estimates of 7y, 1/_J¢kp, Ry, and &, leading to

A~ R QT fay _1 fa3
Gikp = VipVirpLin; ite-

The uniform convergence of 1y, (s), Ri(s1,s2) and flk(sw) then implies @kp LY ékp. Part

(b) then follows by similar arguments as used in the cases of a dense design in s.
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SUPPLEMENT B: COMPARISONS WITH THE KARHUNEN-LOEVE EXPANSION

As an alternative approach to the proposed two-step FPCA, we also implemented and
fitted the two-dimensional Karhunen-Loeéve expansion as in Eq. (24). This implemen-
tation is illustrated with the mortality data that have been introduced and discussed in
Section 6.

These data are regular and quite dense, which means that one can use the sample
covariance as an estimate of the four-dimensional covariance function G(ty,ts, s1,52) =
cov(X (t1,51), X(t2, s2)), where the covariance function is a necessary ingredient for the
Karhunen-Loeve implementation. Since the data contain measurement errors, the eigen-
functions pg(t,s) resulting from this approach are then smoothed, with the resulting
estimates shown in Figure [7} Alternatively, one may estimate the covariance function
G(t1, 19, 81, 52) by four-dimensional local linear smoothing. The eigenfunction estimates
resulting from this smoothing approach are in Figure [§f We find that in the dense reg-
ular case, these two estimating methods for the covariance function G(t1,ts, s1, $2) lead
to almost identical estimates of the eigenfunctions p(t,s). Not surprisingly, the four-
dimensional smoothing method is computationally much slower.

Note that the first two eigenfunction estimates p;(t, s) and po(t, s) are quite similar to
the corresponding first two surfaces of the proposed model, 11 (t|s) and ¢12(t|s), which
are shown in Figure 5. We note that we consider here a scenario where ¢ and s have
inherently different meanings in that s is a longitudinal time and ¢ a functional time,
and therefore the components ¢y and &(s) obtained from the first step in our proposed
two-step FPCA approach are of interest in themselves (see Figure 4). These components

are however not available when one uses the Karhunen-Loeve approach.



Even if one were to ignore the roles played by t and s, the proposed method runs much
faster compared to the Karhunen-Loeve expansion with a two-dimensional argument as in
equation (24), especially when the data are not regular and dense. This is due to the fact
that then a four-dimensional smoothing step for the covariance G(sy,t1, s9,t2) is needed
to implement the Karhunen-Loeve expansion.

For further illustration, we sparsified the mortality data, retaining only one third of the
measurements available per trajectory, where the measurements retained are randomly se-
lected. Then we applied the proposed method, which involves a three-dimensional smooth-
ing step for G(t1,ts|s), as well as the Karhunen-Loeéve expansion with a four-dimensional
smoothing step for G(t1, s, 1, 52). We found that the proposed method yields estimates
of the model components that are very close to those obtained when observing the entire
data set without missings (Figure E[) In contrast, the more complex Karhunen-Loeve
approach (24) proved to be extremely time consuming (it is 25 times slower than the

proposed method) and the estimates resulting from the case of sparse data were rather

poor (Figure [10]).
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Figure 7: The estimated mean function and first three eigenfunctions pi(t,s) for the

Karhunen-Loeve decomposition (24) for the mortality data, using sample covariances for

estimation.
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SUPPLEMENT C: L1ST OF COUNTRIES INCLUDED IN MORTALITY DATA ANALYSIS

The 32 countries are: Australia, Austria, Belarus, Belgium, Bulgaria, Canada, Czech
Republic, Denmark, Estonia, Finland, France, Hungary, Iceland, Ireland, Italy, Japan,
Latvia, Lithuania, Luxembourg, Netherlands, New Zealand, Norway, Poland, Portugal,

Russia, Slovakia, Spain, Sweden, Switzerland, United Kingdom, Ukraine, USA.
SUPPLEMENT D: ADDITIONAL SIMULATIONS

An additional simulation study was conducted specifically to assess the performance
of the proposed method for a situation where eigenvalues cross at several locations s, with

specifications as proposed by an anonymous reviewer. We generate data as in model (3)
2
Xi(t]s) = p(tls) + > &n(s)dultls), i=1,...,n, se€[0,1], tel0,1],
k=1

where ¢, (t|s) = V2sin{27(t — s)}, ¢o(t|s) = V2 cos{2m(t — s)} and sample size n = 400.
The random functions &;(s) and &;(s) are generated as zero mean Gaussian processes
with covariance structures Ri(sy,se) = 4 cos(4mws;) cos(4msy) + 2sin(47s ) sin(4mss) and
Rs(s1,82) = 6sin(27sy) sin(27wss) + 2 cos(27sy) cos(2mss). The grid for ¢ consists of 100
equi-spaced points on [0,1], and the grid for s of 50 equi-spaced points on [0,1].

One of the challenges of this simulated data is that the two eigenvalue functions \;(s) =
var(§;1(s)) and Ag(s) = var(&(s)) cross four times. Following the method described
in Section 3, we first estimate the functions u(t,s) and G(t1,ts|s) by their empirical
estimators. For so = 0, we determine ¢;(+|s) to be the eigenfunction associated with the
larger eigenvalue and ¢»(+|s) to be the eigenfunction associated with the smaller eigenvalue.
The average value of ), chosen by the method described in Section 3, for 100 simulation
runs was 3.01. The gaps from omitting some values of s as described in the method were
small and easily filled by smoothing the available values ¢(-|s;) across s.

Figure 11| demonstrates nearly perfect recovery of the true basis functions ¢ (t|s) and
the eigenvalues Ay(s), for k = 1,2 obtained in the first step FPCA. Figure[12|demonstrates
fairly good performance of the second FPCA, applied to the working processes fik(s),
where 1y, (s) are the eigenfunctions of &;(s) .

To quantify the quality of the estimates of ¢(t|s), we use the relative squared error

[[9(t1s) — otls)IP”
()12

RSE = : (37)
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where ||p(t]s)|[> = [ [ 6(t|s)2dsdt, analogously for t,(s). The boxplots of the relative
squared errors over 100 simulation runs as reported in Figure [L3|are seen to be reasonably
small for all ¢ (t|s) and y,(s), except that there about 10 outliers, which occurred
because the crossing of the eigenvalue functions was not correctly identified. We note

that the number of outliers shrinks quickly with increasing sample size.
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®1 (t|5) b2 (t ’5)

Figure 11: True and estimated ¢ (t|s) and eigenvalue functions A (s) for k = 1 (left) and

k = 2 (right) from one simulation run, as described in Supplement D.
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SUPPLEMENT E: EIGENANALYSIS OF THE RANDOM FUNCTIONS &;(s) AND &»(s) FOR
THE MORTALITY DATA

The functions &;(s) and &(s) are obtained in the first stage of the proposed double
FPCA method, as in the basic model in (1). For the mortality data application, these
functions are plotted in Figure 4 and their characteristic features have been discussed in
Section 6. Here we provide additional details on the second stage of the double FPCA
method in the context of the mortality data analysis. The second stage consists of the
eigenanalysis of the functions & (s) and & (s) that are shown in the right panels of Figure
4 and yields the eigenfunctions 11, and 15, of the covariance operators of these random
processes, where p = 1,2, as described in Section 6.

The eigenfunctions 1y, are key components of the principal surfaces ¢ (t|s) =
Up(8)or(t]s) and the corresponding FPC scores (ixp = [ &ik(s)Urp(s) ds serve as ran-
dom scores to represent the repeatedly observed functions X;(t|s), see eq. (5). We plot
the eigenfunctions 1)1, 112, explaining 83.2 % and 13.4%, respectively, of the variation
of random functions & (s), in the upper panel of Figure [14] and eigenfunctions 1, ¢
explaining 73.2 % and 17.1%, respectively, of the variation of random functions &;(s) in
the lower panel.

We find that the first eigenfunction 11, for processes &;(s) nicely reflects the main
variance increase around 1980-1990, in accordance with the shapes in the top right panel
of Figure 4. Observe here that the sign of the eigenfunctions is arbitrary. The second
eigenfunction 15 indicates an additional increase in the variation of processes across
countries with increasing calendar year. As processes & (s) are tied to the basic age-
increase in mortality, as seen in the top left panel of Figure 4, this implies an ongoing
differentiation into higher- and lower-mortality countries.

Processes &5(s) are associated with the contrast between old and oldest-old mortality,
as can be seen in the lower left panel of Figure 4. The first eigenfunction 5, reflects the
increase in the variation across countries with increasing calendar date, including a recent
slight acceleration of this increase, in accordance with the function shapes depicted in the
lower right panel of Figure 4. The second eigenfunction w5, reflects a contrast between
pre- and post-1980, indicating that there is a tendency for a reversal between the pre-1980
and the post-1980 old to oldest-old mortality differential. Indeed, taking a closer look at
the right lower panel of Figure 4 shows that some countries exhibit a reversal in the shapes
of &a(s).

To summarize, this analysis demonstrates the usefulness of the results of the second
stage FPCA that is provided by the proposed method.
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Figure 14: The estimated eigenfunctions ¢y,(s), k = 1,2, p = 1,2, for & (s) (upper panels)
and &>(s) (lower panels), obtained from the mortality data, as described in Supplement
E.
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