Bootstrapping State-Space Models: Gaussian
Maximum Likelihood Estimation and the Kalman Filter

DAVID S. STOFFER and KENT D. WALL*

The bootstrap is proposed as a method for assessing the precision of Gaussian maximum likelihood estimates of the parameters
of linear state-space models. Our results also apply to autoregressive moving average models, since they are a special case of
state-space models. It is shown that for a time-invariant, stable system, the bootstrap applied to the innovations yields asymp-
totically consistent standard errors. To investigate the performance of the bootstrap for finite sample lengths, simulation results
are presented for a two-state model with 50 and 100 observations; two cases are investigated, one with real characteristic roots
and one with complex characteristic roots. The bootstrap is then applied to two real data sets, one used in a test for efficient
capital markets and one used to develop an autoregressive integrated moving average model for quarterly earnings data. We
find the bootstrap to be of definite value over the conventional asymptotics.
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1. INTRODUCTION

State-space models and Kalman filtering have become
important and powerful tools for the statistician and the
econometrician. Together they provide the researcher with

“a modeling framework and a computationally efficient way
to compute parameter estimates over a wide range of sit-
uations. Problems involving stationary and nonstationary
stochastic processes (Goodrich and Caines 1979), system-
atically or stochastically varying parameters (Pagan 1980),
and unobserved or latent variables (as in signal extraction
problems) all have been fruitfully approached with these
tools (Burmeister, Wall, and Hamilton 1986). In addition,
smoothing problems and time series with missing obser-
vations have been studied with methodologies based on this
combination (Shumway and Stoffer 1982). Many authors
have exploited the state-space model and Kalman filter re-
cursions for estimation and prediction of autoregressive
moving average (ARMA) processes (Harvey and Phillips
1979; Gardner, Harvey, and Phillips 1980; Jones 1980;
Harvey and Pierse 1984) and of structural models (Harvey
and Todd 1983; Kitagawa and Gersch 1984; Harvey and
Durbin 1986). In each of these instances the state-space
formulation and the Kalman filter has yielded a modeling
and estimation methodology that is much less cumbersome
than the more traditional regression-based approach.

Problems of inference in state-space models estimated
using the Kalman filter are made tractable by the existence
of an asymptotic theory. Under appropriate conditions, both
the parameter estimates obtained by maximum likelihood
techniques and the state estimates from the Kalman filter
have been shown to be consistent and asymptotically nor-
mal (Ljung and Caines 1979; Spall and Wall 1984). Time
series data, however, is often of short to moderate length,
and the use of asymptotic methods is suspect. For ARMA
models, several researchers have found evidence that sam-
ples must be fairly large before asymptotic results are ap-
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plicable (Dent and Min 1978; Ansley and Newbold 1980)
and one should expect a similar situation in the case of state-
space models.

Our approach employs the nonparametric Monte Carlo
bootstrap suggested by Efron (1979) and focuses on the
Gaussian maximum likelihood estimator. We propose the
nonparametric bootstrap because we feel it is more useful
in practice; it does not rely on distributional assumptions
that cannot be adequately checked in small- to moderate-
size samples. The value of the nonparametric bootstrap has
been demonstrated in a regression framework by Freedman
(1981) and Freedman and Peters (1984a,b). Other work us-
ing the nonparametric bootstrap to study forecast errors is
reported in Findley (1985) and Stine (1985). Nevertheless,
if the family of distributions for the model can be specified,
we would suggest a parametric bootstrap. We use Gaussian
likelihood estimation because it is the method of choice found
in the literature and has desirable asymptotic properties.

In Section 2 we begin with a description of the state-
space model and an outline of the parameter estimation
problem for these models, then Section 3 gives the boot-
strap procedure for such models. Section 4 presents some
empirical studies that illustrate the utility of the bootstrap
in small- to moderate-size samples, underscoring its value
in empirical research, and Section 5 briefly describes some
computational aspects of the procedure. Of fundamental
concern is that the bootstrap is asymptotically correct, that
is, the bootstrap is at least as good as the conventional
asymptotic theory; the asymptotic justification of the pro-
cedure is given in the Appendix.

2. THE STATE-SPACE MODEL AND ESTIMATION
The state-space model is defined by the equations

s(t + 1) = Fs(f) + Gx(t) + w(p) (2.1)
and

y(® = Hs(9) + Dx(®) + v(?), 2.2)

where s(f) is a p X 1 vector of unobserved state variables,
y(® is a g X 1 vector of observed outputs or endogenous
variables, and x(#) is an r X 1 vector of observed inputs or
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exogenous variables. The constant matrices F, G, H, and
D represent the model coefficients of dimensions compat-
ible with the matrix operations required in (2.1) and (2.2).
The two terms w(?) and v(f) represent zero-mean random
processes that are each independent and identically distrib-
uted with

Elwow' ()} =Q,  E{v®V()} =R, (2.3)

where Q is a p X p nonnegative definite matrix and R is
a g X q nonnegative definite matrix. While R is usually
required to be positive definite, this is not imposed here so
that we may include some popular representations of ARMA
processes (Harvey and Pierse 1984; Jones 1980). It should
be noted, however, that restricting R to be positive definite
in no way precludes the use of (2.1)—(2.3) in representing
ARMA models (Anderson and Moore 1979, p. 236; Caines
1988, p. 115). The assumptions concerning the definiteness
of R are only a matter of personal choice in representing
ARMA processes via (2.1)-(2.3).

The model coefficients and the correlation structure are
assumed to be uniquely parameterized by a k X 1 vector
0; that is, F = F(0), G = G(0), H = H(0), D = D(9), Q
= Q(0), and R = R(0). The vector 0 is assumed to be an
element of some compact space, &, usually a subset of #*.
Furthermore, it is assumed that the parameterization is such
that the model is completely identified (Wall 1987; Pagan
1980).

Let s(t + 1 | £) denote the best linear predictor of s(¢ +
1) based on the data 9/ = {y(1), -*- y(®} and 4" = {x(1),

.., X(¢)}, obtained via the Kalman filter (Anderson and
Moore 1979, p. 44). Also obtained from the Kalman filter
are the innovations, the innovations covariance matrix, and
the Kalman gain matrix,

E{w@v'()} =0,

e() = y(t) — Hs(z |t — 1) — Dx(2), (2.4a)

3() =HP(|t— DH' + R, (2.4b)
and

K@) =P@|t— DH'Z(®D ™, (2.4¢)

respectively, where P(¢ | t — 1) is the covariance matrix of
s(f) — s(t | t — 1). The model innovations from the Kalman
filter give rise to the innovations form representation (An-
derson and Moore 1979, p. 231) of the observations:

s(z+ 1|0 =Fs(t|t— 1)+ Gx(2) + FK(t)e(?)
and

2.5)

y(f) = Hs(t | £ — 1) + Dx() + €(2). (2.6)

Parameter estimation will be accomplished via Gaussian
maximum likelihood (GML). The essential part of the log-
arithm of the Gaussian likelihood function is

L®O| g, a’)
T

= = {log[2(t, )| + (t, 0)Z7'(, O)e(t, O}, (2.7)
t=1

where 3 and € are generated from (2.4) and || denotes the

determinant. The influence of @ is made explicit here to

emphasize how the quantities defined in (2.4) depend on

the parameterization. Maximizing (2.7) with respect to
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0 yields the Gaussian maximum likelihood estimate 0 =
maxy L(O | @7, 7). Iterative procedures for maximizing
this function exist in many forms and are easily imple-
mented (Burmeister and Wall 1982).

3. THE MONTE CARLO BOOTSTRAP
FOR STATE—SPACE MODELS

The Monte Carlo bootstrap procedure for state-space
models is defined by a four-step algorithm. We assume that
the model estimation has been completed and that the Kal-
man filter has been run with ® =  so that the estimated
innovations, €(z, ), are available.

1. Construct the standardized innovations by setting
3.1

where 3%z, 0) is the inverse of the unique square-root
matrix of (¢, ). By using (3.1) we are guaranteed that
all model residuals have, at least, the same two first moments.

2. Sample, with replacement, T times from {e(z, 0); 1 <
¢t = T} to obtain {e*(¢, #); 1 = ¢ =< T}, a bootstrap sample
of standardized innovations.

3. Using the innovations form representation, (2.5) and
(2.6), construct a bootstrap data set {y*@); 1 =t = T} as
follows: Define the (p + q) X 1 vector &) = [s'(c + 1|
D | y'(®]'. Stacking (2.5) and (2. 6) results in a vector first-
order equation in &(?),

et, 0) = =72, O)e(t, 0),

&) = AE(r — 1) + Bx(r) + C(ne(, 9), 3.2)

where

1/2,
A= {fn g], B = [g] c) = [FKQ?,EZ(L g; 0)].

Thus, to construct a bootstrap data set, {y*(?); 1 =t =
T}, simply solve (3.2) using {e*(z, 0); 1 = ¢ < T} in place
of {e(t, 0); 1 =t = T}. The exogenous variables, {x(¢); 1
< ¢t < T}, and the initial conditions of the Kalman filter
remain fixed at their given values while the parameter vec-
tor @ is held fixed at 0. Y

4. Repeat steps (2) and (3) a large number, N, of times,
obtaining a set of replications, {6+, 1 < i = N}. Estimate
the distribution of ® from the distribution of the §*'.

4. EMPIRICAL STUDIES

While the results of the Appendix establish the funda-
mental fact that the bootstrap is asymptotically correct, it
does not recommend the bootstrap over the standard
asymptotic theory. To investigate the properties of the pro-
cedure for small- to moderate-samples, we have conducted
several simulation experiments. We find the bootstrap to
be superior to the standard asymptotics—better standard er-
rors for the parameter estimates can be obtained with the
bootstrap. In addition, the bootstrap provides valuable in-
formation for establishing interval estimates—something of
vital interest if the small-sample estimator yields skewed
distributions. In our investigation we consider the estima-



