A Monte Carlo Approach to Nonnormal and
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A solution to multivariate state-space modeling, forecasting, and smoothing is discussed. We allow for the possibilities of nonnormal
errors and nonlinear functionals in the state equation, the observational equation, or both. An adaptive Monte Carlo integration
technique known as the Gibbs sampler is proposed as a mechanism for implementing a conceptually and computationally simple
solution in such a framework. The methodology is a general strategy for obtaining marginal posterior densities of coefficients in the
model or of any of the unknown elements of the state space. Missing data problems (including the k-step ahead prediction problem)
also are easily incorporated into this framework. We illustrate the broad applicability of our approach with two examples: a problem
involving nonnormal error distributions in a linear model setting and a one-step ahead prediction problem in a situation where both
the state and observational equations are nonlinear and involve unknown parameters.
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The state-space model has become a powerful tool for
modeling and forecasting dynamic systems. Such models, in
conjunction with the Kalman filter, have been used in a wide
range of applications in many disciplines including biology,
economics, and engineering and consequently have become
of increasing interest to statisticians. It is well known, however,
that the Kalman filter is optimal only in the case where the
dynamic system is Gaussian. If the system is not Gaussian,
the Kalman filter yields the best linear predictor (Brockwell
and Davis 1987, sec. 12.1), but the difference between the
optimal forecast and the best linear predictor can be quite
substantial. Moreover, it also is well known that the Kalman
filter under Gaussian assumptions is nonrobust (Meinhold
and Singpurwalla 1989). Many authors have suggested mod-
eling dynamic systems with state-space models in conjunction
with various alternatives to the Kalman filter. For example,
Kitagawa (1987) proposed recursive formulas based on
piecewise linear approximations to the density functions for
prediction, filtering, and state estimation of nonstationary time
series via non-Gaussian state-space models. Meinhold and
Singpurwalla (1989) suggested a robustification of the state—
space model using approximate methods involving poly- dis-
tributions and a recursive mechanism for implementing a
multivariate ¢ distribution based on the Kalman filter recur-
sions. Other approaches and approximation techniques in a
Bayesian framework were presented by Alspach and Sorenson
(1972), Harrison and Stevens (1976), Smith and West
(1983), West, Harrison, and Migon (1985), West (1986),
and, most recently, Gordon and Smith (1990).

Consider the standard state-space model

x,=Fx,_;+u, and

v, = Hx, + v, t=1,... (1)
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where X, is the p X 1 state vector, y, is the g X 1 observation
vector, F, is a p X p matrix of constants, and H,isa g X p
matrix of constants. Lety = (y;, . . ., ¥,) denote the observed
data,x = (x;, ..., X,) the (unknown) elements of the state,
and X, the initial state, where we assume xy ~ N,(uo, Zo).
Typically #, and v, are independent and identically distrib-
uted, with u, ~ N,(0, 2) and v, ~ N,(0, T), where N, denotes
the p-dimensional normal distribution. Also, the matrices
F,, H,, Z, and T generally are assumed to be known. These
assumptions enable simple updating of estimates via the
usual Kalman filter but in practice are frequently found to
be too restrictive for realistic data analysis.

The first purpose of this article then is to develop meth-
odology for modeling the nonnormality of the u,, the v,, or
both. A second departure from the model specification (1)
is to allow for unknown variances in the state or observational
equation, as well as for unknown parameters in the transition
matrices F, and H,. As a third generalization we allow for
nonlinear model structures; that is,

X, = f(x,-y) + u, and

V= h(x) + v, t=1,.. (2)
where f,(+) and A,(-) are given, but perhaps also depend on
some unknown parameters. The experimenter may wish to
entertain a variety of error distributions. Our goal throughout
the article is an analysis for general state-space models that
does not resort to convenient assumptions at the expense of
model adequacy.

Section 1 discusses the model specification, and provides
a methodology for modeling nonnormality in the form of
normal scale mixtures (Andrews and Mallows 1974). The
methodology is developed with the implementation of the
Gibbs sampler in mind. The latter is an adaptive Markovian
updating scheme useful for obtaining marginal posterior dis-
tributions in cases where exact numerical results are un-
available and traditional numerical integration techniques
are difficult or infeasible. Section 2 considers the problem

')n)

© 1992 American Statistical Association
Journal of the American Statistical Association
June 1992, Vol. 87, No. 418, Theory and Methods

493



494

of determining estimates of the marginal densities of the
model parameters, as well as p(x,+; |y, Vus1) (filtering) and
D(Xn+1|y) (one-step ahead prediction). In Section 3 we
consider two examples of state—space models that allow for
nonnormal error structure and nonstationarity in the state
and observation spaces. We summarize our findings in Sec-
tion 4.

1. MODEL SPECIFICATIONS AND THE |
GIBBS SAMPLER

1.1 Model Specification

In general the likelihood specification for our model, sup-
pressing the conditioning on (uo, Zo, F;, H,), is given by
s Xl Z, T)

DP(V1s e vy Vus Xos X15 o o

= g1(Xol mo, Zo) [T &1(xe1 %1, 2) [1 &0l %, T)  (3)

t=1 t=1

for some densities g,(+) and g,(-). Specifically, we model
g and g; by letting

gi(xlxi, 2) = f POl X1y Mo 2)p1(N) dhy

&(Vlx, T) = LP(J":IX:, w;, T)py(w,) duwy,

t=1,... 4)

where, conditional on the nuisance parameters A and w,
-xt]-xt—la Ata E ~ N(ﬁ(xt—l)a >‘tz)a
Vel X, w, T~ N(h(x), 1), (5)

Of course if 4,(x,) = H,x, and f(x,_;) = F,x,_;, we have
the linear model (1). Note that by varying p; (),) and p,(w,),
the distributions g, and g, are scale mixtures of multivariate
normals for each ¢, thus enabling a wide variety of nonnormal
error densities to emerge in (3). For example, in the uni-
variate case (where we denote 2 and T by ¢ and 7) the
distributions x,|x,—,, ¢ and y,| x;, 7 can be double exponen-
tial, logistic, exponential power, stable, or ¢ densities (An-
drews and Mallows 1974; Carlin and Polson 1991; Kanter
1975; West 1987). In the multivariate case a rich class of
densities emerges including the r-dimensional hyperbolic
distribution (Barndorff-Neilsen and Halgreen 1977). Note
that we are assuming p(\, w) = [1%, p;(\,)p2(w,), so that
the densities x,|x,-;, = and y,|x,, T possibly are different
scale mixtures of normals. Another easily incorporated ex-
tension is to allow for different densities as ¢ varies, ¢ = 1,
.., H.

The key to the approach is the introduction of the (gen-
erally high dimensional ) nuisance parameters \ and w and
the structure (5), which lends its€lf naturally to the Gibbs
sampler, our computational tool.

1.2

’n$

t=1,...,n.

Implementation of the Gibbs Sampler

A Monte Carlo integration method that proceeds by a
Markovian updating scheme, the Gibbs sampler is essentially
a modification of the Metropolis algorithm (Metropolis et
al. 1953), developed formally by Geman and Geman (1984)
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in the context of image restoration. In the statistical frame-
work, Tanner and Wong (1987) used essentially this algo-
rithm in their substitution sampling approach. Recently,
Gelfand and Smith (1990) developed the Gibbs sampler for
fairly general parametric settings; see that paper for a dis-
cussion of the method and its properties. To summarize the
method briefly, suppose we have a collection of k (possibly
vector-valued ) random variables U, . . ., U, with complete
conditional distributions, denoted generically by f(U,| U,, r
#5),5=1,...,k, available for sampling. Here, available
means that samples may be generated by some method, given
values of the appropriate conditioning random variables.
Under mild conditions (Besag 1974), these complete con-
ditional distributions uniquely determine the full joint dis-
tribution, f(Uj, ..., Uy), and hence all marginal distribu-
tions f(Us), s = 1, ..., k. The Gibbs sampler generates
samples from the joint distribution as follows: Given an ar-
bitrary starting set of values U, ), . . . , Uk(o), We draw U,
fromf( U] I Uz(o), ey Uk(O)), then U2(l) fromf( Uzl Ul(l),
Usys - - - » Uk(O)), and so on up to Uiy from f(Uy| Uiy,
..., Uk—1(1y) to complete one iteration of the scheme. After
[ such iterations we obtain (U, ..., Uk). Geman and
Geman (1984) showed that under mild conditions this k-
tuple converges in distribution to a random observation from
Uy, ..., U)asl— oo. For this reason, in the sequel we
suppress the (/) subscript, assuming that / is sufficiently large
for the generated sample to be thought of as a realization
from the joint distribution. Now replicating the entire process
in parallel G times provides iid k-tuples (U®, ..., U®), g
=1,..., G from the joint distribution. These observations
then can be used for estimating any of the marginal densities.
In particular if f(U,| U,, r # s) is available in closed form,
then
1 6
WUy == T AUIUD, r#5). (6)
G,.o

Due to the relatively recent appearance of Gibbs sampling
methodology in the statistical literature, several important
theoretical and practical issues in its general implementation
remain under investigation. These issues include the diag-
nosis of convergence, modification of the sampling order
(including random visitation orders), efficient estimation and
generation from nonstandardized complete conditional
densities, and the comparison of results obtained from sam-
pling schemes that are sequential (where we employ only
one stream of Gibbs iterates, perhaps keeping every mth one
to better simulate a stream of independent samples) as op-
posed to parallel (as described previously). The articles by
Gelfand et al. (1990) and Zeger and Karim (1991) offered
useful guidance concerning many of these issues.

In the context of our state-space models, to implement
the Gibbs sampler we require samples from the following
complete conditional distributions:

. x,Ixj¢,,)\,w,2,T,y,t=O,...,n

o wlwiw A, S, Ty, X, %~ o T,y X t=1,. ..

* At|>‘j9*t9 w, 29 T’ Yy, X, Xo ~ )\,IE, Xty Xe—15
t=1,...,n

e IIN w0, T,y,X, X~ 2|\, Y, X, X

e TN, w, 2, ¥, X, X% ~ Tw,y, X

, h



