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The Spectral Envelope and Its Applications

David S. Stoffer, David E. Tyler and David A. Wendt

Abstract. The concept of the spectral envelope was recently introduced
as a statistical basis for the frequency domain analysis and scaling of
qualitative-valued time series. In the process of developing the spectral
envelope methodology, many other interesting extensions became evi-
dent. In this article we explain the basic concept and give numerous ex-
amples of the usefulness of the technology. These examples include anal-
yses of DNA sequences, finding optimal transformations for the analysis
of real-valued time series, residual analysis, detecting common signals
in many time series, and the analysis of textures.
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The reader will note that the various statistics
presented are immediate functions of the dis-
crete Fourier transforms of the observed val-
ues of the time series. .. . The discrete Fourier
transform is given such prominence because
it has important empirical and mathematical
properties. Following the work of Cooley and
Tukey (1965), it may be computed rapidly. The
definitions, procedures, techniques, and statis-
tics discussed are, in many cases, simple exten-
sions of existing ... multivariate analysis tech-
niques. This pleasant state of affairs is in-
dicative of the widely pervasive nature of the
important statistical and data analytic proce-
dures. David Brillinger (1975, page viii)

1. INTRODUCTION

The concept of spectral envelope for the spec-
tral analysis and scaling of categorical time series
was first introduced in Stoffer, Tyler and McDougall
(1993). Since then the idea has been extended in
various directions (not only restricted to categorical
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time series) and we will explore these problems as
well. Most of the reference material is reserved for
the discussion in Section 7. First, we give a brief
introduction to spectral analysis and the concept of
scaling.

1.1 Spectral Analysis

Briefly, spectral analysis has to do with partition-
ing the variance of a stationary time series, {X,,
t = 0,+1,42,...}, into components of oscillation
indexed by frequency w, and measured in cycles per
unit of time, for —1/2 < w < 1/2. Given a numerical-
valued time series sample, X,, ¢ =1, ..., n, that has
been centered by its sample mean, the sample spec-
tral density (or periodogram) is defined in terms of

frequency o,
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The periodogram is essentially the squared-correla-
tion of the data with sines and cosines that oscillate
at frequency w.

The spectral density, f(w), of a stationary time se-
ries can be defined as the limit (n — oo0) of E[I,,(w)],
provided that the limit exists; details can be found
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in many of the time series texts listed in Section 7. It
is worthwhile to note that f(w) > 0, f(w) = f(—w)
and

1/2 1/2
(1.2) // f(w)dw=2// f(w)dw = o2,
-1/2 0

where 02 = var(X,) < oo. Thus, the spectral den-

sity can be thought of as the variance density of
a time series relative to frequency of oscillation.
That is, for positive frequencies between 0 and
1/2, the proportion of the variance that can be at-
tributed to oscillations in the data at frequency w
is roughly 2f(w) dw. If the time series X, is white
noise, that is, E(X,) is independent of time ¢, and
cov(X,, X,) = 0 for all s # ¢, then f(w) = o%. The
designation white originates from the analogy with
white light and indicates that all possible periodic
oscillations are present with equal strength.

If n is a highly composite integer, the fast Fourier
transform provides for extremely fast calculation of
I.,(j/n), for j =1,2,...,[n/2], where [n/2] is the
greatest integer less than or equal to n/2. The fre-
quencies w; = j/n are called the fundamental (or
Fourier) frequencies. The sample equivalent of the
integral equation (1.2) is

[(=1)/2]
13) 2 Y

j=1

n—lln(.]/n) + n_lfn(l/Z) = 32’

where s? is the sample variance of the data; the last
term is dropped if n is odd. One usually plots the pe-
riodogram, I,,(w ;), versus the fundamental frequen-
cies w; = j/n, for j =1,2,...,[n/2], and searches
the graph for peaks. As previously mentioned, large
values of the periodogram at w; indicate that the
data are highly correlated with the sinusoid that is
oscillating at a frequency of j cycles in n observa-
tions.

As a simple example, Figure 1 shows a time plot
of 128 observations generated by

X, = cos(2m[wot + }]) + &,
t=1,...,128,

where w, = 13/128 is the frequency of oscilla-
tion, ¢ = 10/128 is a phase shift, and ¢ ~ iid
N(0,1). Figure 2 shows the standardized peri-
odogram, I,(w)/s?, of the data shown in Figure 1.
Note that there is a large value of the periodgram
at w = 13/128 and small values elsewhere [if there
were no noise in (1.4) then the periodogram would
only be nonzero at o = 13/128].

The periodogram is not consistent for the spec-
tral density. To overcome this problem, one typically
smooths the periodogram. This problem has been
thoroughly studied and we will only discuss this
matter briefly. Interested readers can see Brillinger

(1.4)

(1975, Chapter 7), Hannan (1970, Chapter 5) or one
of the other texts listed in Section 7. One technique
for smoothing is to take a symmetric moving aver-
age of the periodogram, that is,

m
(1.5) flwj)= Y hd (@),
g=—m

where the weights are chosen so that A, = h_, are
positive and ZZL_M h, = 1. A simple average cor-
responds to the case where 2, = 1/(2m + 1) for
q=-m,...,0,...,m. The number m is chosen to
obtain a desired degree of smoothness. Larger val-
ues of m lead to smoother estimates, but one has to
be careful not to smooth away significant peaks (this
type of situation has been called leakage because
the power from one frequency leaks into another
frequency). For f(w) to be consistent under general
conditions, the weights must satisfy Zh?] — 0 as
m — oo, but m/n — 0 as n — co.

Another related approach is window spectral es-
timation. Specifically, consider a window function
H(a), —00 < a < oo, that is real-valued, even,
of bounded variation, with [ H(a)da = 1, and
[% |H(a)|da < oo. The window spectral estima-
tor is

n—-1
(1.6) flo)=n"'Y H,(o—q/n)I,(q/n),

gq=1
where H,(a) = B;'Y7._ H(B,'[« + j]) and B,
is a bounded sequence of nonnegative scale param-
eters such that B, — 0 and nB,, - oo as n — 0.

Estimation of the spectral density requires spe-
cial attention to the issues of leakage and of the
variance-bias tradeoff typically associated with the
estimation of density functions. Readers who are un-
familiar with this material can consult one of the
many texts on the spectral domain analysis of time
series listed in Section 7.

An analogous theory applies if one collects %
numerical-valued time series, say Xy, ..., Xy,, for
t=1,...,n. In this case, write X, = (X4, ..., X3,)
as the £ x 1 column vector of data. The periodogram
is now a k& x k complex matrix,

I,(0)= I:n_l/2 X, exp(—277itw_):l
t=1

1.7)
X l:n‘l/2 X, exp(—Zﬂ'itw)]

t=1
where * means to transpose and conjugate. Smooth-
ing the periodogram also proceeds analogously
to the univariate case; for example, in (1.5) and
(1.6) one would simply replace the univariate peri-
odogram with the multivariate one given in (1.7).
The population spectral density matrix, f(w), can
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again be defined as the limit as n tends to infinity
of E[I,(w)]. The spectral matrix f(w) is Hermitian
[f*(w) = f(w)] and nonnegative definite. The diag-
onal elements of f(w), say f;;(w), fori =1,...,k,
are the individual spectra and the off-diagonal
elements, say f;j(w), for i # j =1,...,k, are re-
lated to the pairwise dependence structure among
the & sequences (these are called cross-spectra). A
frequency-based measure of the cross-correlation

time
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Time series generated from (1.4).

between the series X; and X, is the squared-
coherency given by
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FI1G. 2. Periodogram of data generated from (1.4).



