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A method for modeling and fitting multivariate spatial time
series data based on current spatial methodology coupled
with the parameterization of the ARMAX model is pre-
sented. Because of the physical constraints imposed on
multivariate data collection in both space and time, the
estimation and identification procedures tolerate general
patterns of missing or incomplete data.
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1. INTRODUCTION

Many problems that arise in the physical sciences require
investigators to work with data in both time and space.
For example, in the general marine fisheries context, one
observes fisheries data (catch and effort) as well as envi-
ronmental data at sensors that are distributed in space as
well as time (see Mendelssohn 1982; Mendelssohn and Roy
1985). The fact that observations occurring contiguously
in space can be expected to be as correlated as observations
from adjacent time periods introduces several complica-
tions into traditional analyses. First, the volume of data
increases as one may collect multivariate m X 1 vector
series observed at L locations for n time points, producing
mLn intercorrelated data points. Second, physical con-
straints imposed on a data collection system of such mag-
nitude almost guarantee that there will be stretches where
observations are missed in time or space for certain com-
ponents of the vector series. Moreover, the dynamics of
such a system may be influenced by covariates whose ef-
fects must be explained.

Several approaches to space-time modeling have been
developed that depend on the completeness of the sample
in space and time. If the vector process is spatially sta-
tionary and observed on a rectangular grid at each point
in time, a rather detailed procedure for fitting a class of
space-time models is described in Larimore (1977). If the
spatial sampling is irregular, structural models given in CIiff
and Ord (1981) or Pfeifer and Deutsch (1980a) may be
more appropriate.

Recently, missing data problems for nonspatial systems
have successfully been approached using the state-space
methodology. For example, Jones (1980) and Harvey and
Pierse (1984) used the Kalman filter to obtain maximum
likelihood estimates of parameters of autoregressive mov-
ing average (ARMA) processes when observations are
missed. Shumway and Stoffer (1982) used the expectation-
maximization (EM) algorithm in conjunction with the state-
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space model for smoothing and forecasting time series with
missing or incomplete observations. Methods similar to the
state-space setup have also been considered for univariate
processes in the presence of missing or irregular observa-
tions using Parzen’s ‘“‘asymptotically stationary” process
(Parzen 1963), which takes values of 0 or 1 depending on
whether an observation is missed or observed. Dunsmuir
and Robinson (1981a) successfully used this method in es-
timating parameters of univariate ARMA models when
data are missing or unequally spaced.

This article combines existing spatial methodology, such
as that used in the space-time ARMA model (see Pfeifer
and Deutsch 1980b) or in kriging (see Matheron 1963),
along with the parameterization of the ARMAX model
(Hannan 1976) and the aforementioned missing data mod-
ification techniques, to formulate a model that can be used
for modeling and forecasting the dynamics of multivariate
populations that are functionally dependent on time as well
as space. Furthermore, this model tolerates very general
patterns of missing or incomplete data and allows, if de-
sired, the effects of covariates to be measured.

2. THE GENERAL MODEL

Suppose that the p X 1 population vector denoted by x,
is of interest to an investigator. We may decompose x, into
components x;(t) denoting the state m X 1 vector at coor-
dinate j and time ¢ so that x; = (x{(¢), . . . , x.(¢)), where
L is the number of sites. Further suppose that a u X 1
covariate vector z; = (zy(¢), z,(¢), . . ., z,(t)) may be
measured concurrently. In the marine fisheries context, for
example, x,(¢) could represent a fish catch per unit effort
at coordinate j and time ¢, whereas z, may measure sea
surface temperature and wind velocity. In an air pollution
context, x,(f) could represent the pollution index at a cer-
tain location during day ¢, and z, may be an environmental
vector of wind speed and direction, temperature, and hu-
midity at time .

A model describing the current state x, in terms of the
previous states x,_, X,_,, . . . , X,_, and covariates z,, z,_i,

., Z,_y may be expressed in the form

k

q
X, =2 DAx, + D2 Vz , +w, =1, (2.1)
=1

1=0

where A, is the p X p diagonal space-time transition matrix
at lag j and D, is a known p X p distance matrix (not
necessarily symmetric) that expresses the spatial relation-
ship between the L sites at lag j. Assume that within the
range of interest, D, is independent of time ¢. The p X u
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regression matrices, ¥, (! = 0, . . . , k) express the rela-
tionship between the current state and the covariates, and
w,is p X 1 white noise with covariance matrix Q. Equation
(2.1) is a space-time extension of the ARMAX model con-
sidered by Hannan (1976). Assume that x, and z, are zero-
mean processes and that z, is generated by a generalized
linear process, z, = 27 A6, where 2, |4 < e, and
{&} and {w/} are mutually independent. The nonzero-mean
case is discussed in the Appendix.

As an example, a second order (¢ = 2) space-time AR-
MAX model that depends only on the current covariate
(k = 0) may be written for the ith sensor, 1 =i < p, as

Xq = (dijAyxe—1; + dyyidoixi_a))

N

1

J

+ D vz, + wi (22)
j=1
where A, = diag(dy, . . ., 4,), 1 = 1,2, and D, = {d,;;}.
It is clear from (2.2) that the same regression coefficient,
i (1 =a=gq,1=0>b = p), after being modified by the
distance function, is used for a given time lag, a, and a
given location, b, to obtain forecasts.

In this manner we see that the model (2.1) is essentially
a spatially constrained regression of the present state at
location i, x,;, on the past values x,_;4, . . ., Xeips o v o s
Xi_g1s - -+ > Xi—qp, Where the ijth element of the spatial
weighting matrix at lag [, d,;, is a measure of “inverse
distance” from site i to site j at lag [. Note that d,; is not
required to be equal to d, ;. This allows the investigator to
include a sense of direction in the map. For example, if
there is movement from site i to site j the “distance” J;
from site i to site j may be considered smaller than the
“distance” J;; from site j to site i. In this case, d;' > J;!
and we may want to put d,; > d, ;. This idea is used in the
example given in Section 4.

The specification of the spatial weighting matrices, D,
(1 =1 = q) must be left to the investigator of the space-
time system so that as many of the physical characteristics
and constraints of the map are employed in the model.

For regularly spaced systems, equal scaled weighting is
typically employed (see Besag 1974; Pfeifer and Deutsch
1980b). The weighting is a measure of inverse distance
between neighbors in which the nearest neighbors have the
most effect on each other. The weighting matrices adopted
in the equal scaled scheme are of the following form:

Wf;‘) = 1/n® if i and j are kth-order neighbors

=0 otherwise,

where Wl.(]k) is the ijth element of a p X p spatial weighting
matrix W®, and n® is the number of kth-order neighbors
possessed by site i. Thus all nonzero weights of a given
site for a particular spatial order are equal and scaled so
that 2; Wi = 1. To employ this idea in the space-time
ARMAX (STARMAX) model, one could choose the spa-
tial distance matrices in (2.1) to be of the form D, = I +
WO + WO + .- + W®, where v, is the spatial order of
the jth autoregressive term.
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For irregularly spaced systems a reasonable method of
spatial weighting is based on the inverse of the Euclidean
distance between each location (see Cliff and Ord 1981).
For example, if ¢; is the distance between location i and
location j, possible weighting functions might be d,; = c[J;,
+ 1]7%, dyy; = c[d} + 1]7% or d;;, = ¢ exp[—ad,;], for
some constants ¢ > 0 and « = 0. To include the effects of
order on spatial weighting, one might choose d,; = c[d,
+ 1]"*or d;; = c exp[ — ald, ] to mention a few examples.
As previously mentioned, this approach may be modified
by allowing d,; # d,; when i # j.

An alternative to the use of weighting as a function of
the distance between sites is to use the variogram to spa-
tially weight the data. The variogram is currently used in
kriging (see Matheron 1963) as a method for estimating
the spatial variation of the map.

Let o, be the distance between site i and site j, and
suppose that for¢t = 1,2, .. .,

E[xr+1,i - xrj] =0
and

var[x,,,; — x,] = 21,(5;)-

The function #,(d;) is then called the variogram at lag /.
These assumptions imply that the spatial variation is sta-
tionary in its increments and is weaker than the assumption
of second-order spatial stationarity.

The estimation of the variogram depends on the partic-
ular phenomenon being studied. If the sites are at regular
spacing, the variogram may be estimated as follows:

Ni(d)

- . 2
2Nl(5) kgl (yk+l,1 yk,1+6) 5

m(d) = (23)
where (Y11, Yii+s) IS @ pair of observations that are / time
units apart and ¢ distance apart, and N,(J) is the number
of such pairs.

If the experimental sites are irregularly spaced, they may
be grouped by classes of distance J and angle ¢, for ex-
ample, all pairs of points less than one mile apart, from
one to two miles apart, and so forth, separating the pairs
oriented approximately north, south, east, and west.

After estimating #,(d) one may wish to propose and fit
a theoretical model. Possible models, whose behaviors are
based on the sample variogram of actual data (see Del-
homme 1976; Yakowitz and Szidarovszky 1985) and are
widely used, are the following:

1. 7(6) = c|d]*, called the generalized linear model
2. m(9) = c[36/2a — 3 (6/a)’] fd=a
=c if 6 > a,

called the spherical model

3. m(d) = c{l — exp[—(d/a)]}, called the exponential
model

4. n(0) = c{l — exp[—(d/a)*]}, called the Gaussian
model.

In each of these models, ¢ and a are functions of /. Note
that the models are nondecreasing in distance.



