SCHAUM’S

outlines

Problem

Probability
and Statistics

Third Edition
897 tully solved problems

® Concise explanations of all course concepts

Solved

® Covers Basic Probability, Sampling Theory, Regression and more

USE WITH THESE COURSES

Introduction to Probability & Statistics ® Probability * Business Statistics

Basic Staristics * Beginning Statistics

Murray R. Spiegel, Ph.D. < John Schiller, Ph.D. * R. Alu Srinivasan, Ph.D.



Part1

CHAPTER 1

CHAPTER 2

CHAPTER 3

CHAPTER 4

Contents

PROBABILITY 1

Basic Probability 3

Random Experiments Sample Spaces Events The Concept of Probability The Axioms
of Probability Some Important Theorems on Probability Assignment of Probabilities
Conditional Probability Theorems on Conditional Probability Independent Events
Bayes’ Theorem or Rule Combinatorial Analysis Fundamental Principle of Counting Tree
Diagrams Permutations Combinations Binomial Coefficients Stirling’s Approxima-
tion to n!

Random Variables and Probability Distributions 34

Random Variables Discrete Probability Distributions Distribution Functions for Random
Variables Distribution Functions for Discrete Random Variables Continuous Random Vari-
ables Graphical Interpretations Joint Distributions Independent Random Variables
Change of Variables Probability Distributions of Functions of Random Variables Convo-
lutions Conditional Distributions Applications to Geometric Probability

Mathematical Expectation 75

Definition of Mathematical Expectation Functions of Random Variables Some Theorems
on Expectation The Variance and Standard Deviation Some Theorems on Variance = Stan-
dardized Random Variables Moments Moment Generating Functions Some Theorems
on Moment Generating Functions Characteristic Functions Variance for Joint Distribu-
tions. Covariance Correlation Coefficient Conditional Expectation, Variance, and Moments
Chebyshev’s Inequality Law of Large Numbers Other Measures of Central Tendency
Percentiles Other Measures of Dispersion Skewness and Kurtosis

Special Probability Distributions 108

The Binomial Distribution Some Properties of the Binomial Distribution The Law of
Large Numbers for Bernoulli Trials The Normal Distribution =~ Some Properties of the Nor-
mal Distribution Relation Between Binomial and Normal Distributions The Poisson Dis-
tribution Some Properties of the Poisson Distribution ~Relation Between the Binomial and
Poisson Distributions Relation Between the Poisson and Normal Distributions The Central
Limit Theorem The Multinomial Distribution The Hypergeometric Distribution The
Uniform Distribution The Cauchy Distribution The Gamma Distribution The Beta
Distribution The Chi-Square Distribution = Student’s ¢ Distribution The F Distribution
Relationships Among Chi-Square, ¢, and F Distributions The Bivariate Normal Distribution
Miscellaneous Distributions



Basic Probability

Random Experiments

We are all familiar with the importance of experiments in science and engineering. Experimentation is useful to
us because we can assume that if we perform certain experiments under very nearly identical conditions, we
will arrive at results that are essentially the same. In these circumstances, we are able to control the value of the
variables that affect the outcome of the experiment.

However, in some experiments, we are not able to ascertain or control the value of certain variables so that
the results will vary from one performance of the experiment to the next even though most of the conditions are
the same. These experiments are described as random. The following are some examples.

EXAMPLE 1.1 If we toss a coin, the result of the experiment is that it will either come up “tails,” symbolized by T (or 0),
or “heads,” symbolized by H (or 1), i.e., one of the elements of the set {H, T} (or {0, 1}).

EXAMPLE 1.2 If we toss a die, the result of the experiment is that it will come up with one of the numbers in the set
{1,2,3,4,5, 6}.

EXAMPLE 1.3 If we toss a coin twice, there are four results possible, as indicated by {HH, HT, TH, TT}, i.e., both
heads, heads on first and tails on second, etc.

EXAMPLE 1.4 If we are making bolts with a machine, the result of the experiment is that some may be defective.
Thus when a bolt is made, it will be a member of the set {defective, nondefective}.

EXAMPLE 1.5 If an experiment consists of measuring “lifetimes” of electric light bulbs produced by a company, then
the result of the experiment is a time 7 in hours that lies in some interval—say, 0 = r = 4000—where we assume that
no bulb lasts more than 4000 hours.

Sample Spaces

A set S that consists of all possible outcomes of a random experiment is called a sample space, and each outcome
is called a sample point. Often there will be more than one sample space that can describe outcomes of an
experiment, but there is usually only one that will provide the most information.

EXAMPLE 1.6 If we toss a die, one sample space, or set of all possible outcomes, is given by {1, 2, 3, 4, 5, 6} while
another is {odd, even}. It is clear, however, that the latter would not be adequate to determine, for example, whether an
outcome is divisible by 3.

It is often useful to portray a sample space graphically. In such cases it is desirable to use numbers in place
of letters whenever possible.

EXAMPLE 1.7 If we toss a coin twice and use 0 to represent tails and 1 to represent heads, the sample space (see
Example 1.3) can be portrayed by points as in Fig. 1-1 where, for example, (0, 1) represents tails on first toss and heads
on second toss, i.e., TH.



CHAPTER 1 Basic Prohabhility
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If a sample space has a finite number of points, as in Example 1.7, it is called a finite sample space. If it has
as many points as there are natural numbers 1, 2, 3, . . ., it is called a countably infinite sample space. If it has
as many points as there are in some interval on the x axis, such as 0 = x = 1, it is called a noncountably infinite
sample space. A sample space that is finite or countably infinite is often called a discrete sample space, while
one that is noncountably infinite is called a nondiscrete sample space.

Events

An event is a subset A of the sample space S, i.e., it is a set of possible outcomes. If the outcome of an experi-
ment is an element of A, we say that the event A has occurred. An event consisting of a single point of S is often
called a simple or elementary event.

EXAMPLE 1.8 If we toss a coin twice, the event that only one head comes up is the subset of the sample space that
consists of points (0, 1) and (1, 0), as indicated in Fig. 1-2.

<’(0, o\ ‘0,1

Fig. 1-2

As particular events, we have § itself, which is the sure or certain event since an element of S must occur, and
the empty set &, which is called the impossible event because an element of & cannot occur.
By using set operations on events in S, we can obtain other events in S. For example, if A and B are events, then

1. A U B is the event “either A or B or both.” A U B is called the union of A and B.
2. AN Bis the event “both A and B.” A N B is called the intersection of A and B.
3. A’ is the event “not A.” A’ is called the complement of A.

4. A — B= AN B is the event “A but not B.” In particular, A" = § — A.

If the sets corresponding to events A and B are disjoint, i.e., A N B = &, we often say that the events are mu-
tually exclusive. This means that they cannot both occur. We say that a collection of events A, A,, ... , A, is mu-
tually exclusive if every pair in the collection is mutually exclusive.

EXAMPLE 1.9 Referring to the experiment of tossing a coin twice, let A be the event “at least one head occurs” and
B the event “the second toss results in a tail.” Then A = {HT, TH, HH}, B = {HT, TT }, and so we have

AUB={HT,TH,HH,TT} =S ANB = {HT}
A ={TT} A - B={TH, HH}



CHAPTER 1 Basic Probabhility

The Concept of Probability

In any random experiment there is always uncertainty as to whether a particular event will or will not occur. As
a measure of the chance, or probability, with which we can expect the event to occur, it is convenient to assign
a number between 0 and 1. If we are sure or certain that the event will occur, we say that its probability is 100%
or 1, but if we are sure that the event will not occur, we say that its probability is zero. If, for example, the prob-
ability is %, we would say that there is a 25% chance it will occur and a 75% chance that it will not occur. Equiv-
alently, we can say that the odds against its occurrence are 75% to 25%, or 3 to 1.

There are two important procedures by means of which we can estimate the probability of an event.

1. CLASSICAL APPROACH. If an event can occur in £ different ways out of a total number of n possible
ways, all of which are equally likely, then the probability of the event is & /n.

EXAMPLE 1.10 Suppose we want to know the probability that a head will turn up in a single toss of a coin. Since there
are two equally likely ways in which the coin can come up—namely, heads and tails (assuming it does not roll away or
stand on its edge)—and of these two ways a head can arise in only one way, we reason that the required probability is
1/2. In arriving at this, we assume that the coin is fair, i.e., not loaded in any way.

2. FREQUENCY APPROACH. If after n repetitions of an experiment, where # is very large, an event is
observed to occur in £ of these, then the probability of the event is //n. This is also called the empirical
probability of the event.

EXAMPLE 1.11 If we toss a coin 1000 times and find that it comes up heads 532 times, we estimate the probability
of a head coming up to be 532/1000 = 0.532.

Both the classical and frequency approaches have serious drawbacks, the first because the words “equally
likely” are vague and the second because the “large number” involved is vague. Because of these difficulties,
mathematicians have been led to an axiomatic approach to probability.

The Axioms of Probability

Suppose we have a sample space S. If S is discrete, all subsets correspond to events and conversely, but if S is
nondiscrete, only special subsets (called measurable) correspond to events. To each event A in the class C of
events, we associate a real number P(A). Then P is called a probability function, and P(A) the probability of the
event A, if the following axioms are satisfied.

Axiom 1 For every event A in the class C,

PA) =0 (1
Axiom 2 For the sure or certain event S in the class C,
PS) =1 2)
Axiom 3 For any number of mutually exclusive events A, A,, . . ., in the class C,
PA, UA, U - )=PA)+PA + - 3)

In particular, for two mutually exclusive events A,, A,,
PA, U Ay = PA) + P(A,) “4)
Some Important Theorems on Probability
From the above axioms we can now prove various theorems on probability that are important in further work.

Theorem 1-1 1f A, ( A,, then P(A|) = P(A,) and P(A,—A,) = P(A,) — P(A)).

Theorem 1-2 For every event A,
0=PA) =1, 5)
i.e., a probability is between 0 and 1.

Theorem 1-3 P(@) =0 6)

i.e., the impossible event has probability zero.
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Theorem 1-4 1f A’ is the complement of A, then

PA")=1— PA) @)
Theorem 1-5 IfA=A UA,U--- UA, where A, A,, ..., A, are mutually exclusive events, then
P(A) = P(A) + P(A) + -+ + P(A) ®)

In particular, if A = S, the sample space, then
PA)+PAy) +---+PA)=1 ©))
Theorem 1-6 If A and B are any two events, then
P(A U B) = P(A) + P(B) — P(AN B) (10)
More generally, if A, A,, A; are any three events, then
PA,UA,UA;) = P(A) + P(A,) + P(A5)
—P(ANA) —PA,NA) —PA;NA)
+ PANA,NAy an
Generalizations to n events can also be made.
Theorem 1-7 For any events A and B,
P(A)=PANB)+PANB) (12)

Theorem 1-8 If an event A must result in the occurrence of one of the mutually exclusive events
ALA,, ..., A, then

PA) =PANA)+PANA)+ - +PANA,) (13)

Assignment of Probabilities

If a sample space S consists of a finite number of outcomes a,, a,, . . . , a,, then by Theorem 1-5,
PA)+PA)+---+PA)=1 (14)
where A, A,, ..., A, are elementary events given by A; = {a,}.

It follows that we can arbitrarily choose any nonnegative numbers for the probabilities of these simple events
as long as (14) is satisfied. In particular, if we assume equal probabilities for all simple events, then

1

PAY =+, k=12....n (15)

and if A is any event made up of 4 such simple events, we have

h
PA) = (16)
This is equivalent to the classical approach to probability given on page 5. We could of course use other pro-
cedures for assigning probabilities, such as the frequency approach of page 5.
Assigning probabilities provides a mathematical model, the success of which must be tested by experiment
in much the same manner that theories in physics or other sciences must be tested by experiment.

EXAMPLE 1.12 A single die is tossed once. Find the probability of a 2 or 5 turning up.

The sample space is § = {1, 2, 3, 4, 5, 6}. If we assign equal probabilities to the sample points, i.e., if we assume that
the die is fair, then

P(l) = PQ) = -+ = P(6) = ¢

The event that either 2 or 5 turns up is indicated by 2 U 5. Therefore,

PQUS) = PQ) + P(5) = ¢ +

O\ [—
[SSRIE
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Conditional Probability

Let A and B be two events (Fig. 1-3) such that P(A) > 0. Denote by P(B | A) the probability of B given that A
has occurred. Since A is known to have occurred, it becomes the new sample space replacing the original S.
From this we are led to the definition

P(ANB)
P(B|A) = W (17
or P(A N B) = P(A) P(B|A) (18)
N

(> B

Fig. 1-3

In words, (18) says that the probability that both A and B occur is equal to the probability that A occurs times
the probability that B occurs given that A has occurred. We call P(B| A) the conditional probability of B given
A, i.e., the probability that B will occur given that A has occurred. It is easy to show that conditional probability
satisfies the axioms on page 5.

EXAMPLE 1.13 Find the probability that a single toss of a die will result in a number less than 4 if (a) no other infor-
mation is given and (b) it is given that the toss resulted in an odd number.

(a) Let B denote the event {less than 4}. Since B is the union of the events 1, 2, or 3 turning up, we see by Theorem 1-5 that

H&=HD+H2+M@:%+

N[ —

1 _
+e=

O\ |—

assuming equal probabilities for the sample points.

(b) Letting A be the event {odd number}, we see that P(A) = % = % Also PAN B) = % = % Then

_PANB) _1/3 2
PEIN ="y “1p 73

Hence, the added knowledge that the toss results in an odd number raises the probability from 1/2 to 2/3.

Theorems on Conditional Probability
Theorem 1-9 For any three events A,, A,, A;, we have

P(A10A20A3)=P(A1)P(A2|A1)P(A3|A10A2) (19)

In words, the probability that A; and A, and A, all occur is equal to the probability that A; occurs times the
probability that A, occurs given that A, has occurred times the probability that A, occurs given that both A, and A,
have occurred. The result is easily generalized to n events.

Theorem 1-10 If an event A must result in one of the mutually exclusive events A, A,, . .., A,, then

P(A) = P(A) P(A|A) + P(Ay) PA[Ay) + - + P(A,) PA|A,) (20)

Independent Events

If P(B| A) = P(B), i.e., the probability of B occurring is not affected by the occurrence or non-occurrence of A,
then we say that A and B are independent events. This is equivalent to

P(A N B) = P(A)P(B) 2D

as seen from (18). Conversely, if (21) holds, then A and B are independent.
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We say that three events A,, A,, A, are independent if they are pairwise independent:

P(A;NA) = P(A)P@A,)  j#k where jk=1,23 (22)

and P(A/NA,NA;) = P(A)P(A,)P(A;) (23)

Note that neither (22) nor (23) is by itself sufficient. Independence of more than three events is easily defined.

Bayes’ Theorem or Rule

Suppose that A,, A,, . . ., A, are mutually exclusive events whose union is the sample space S, i.e., one of the
events must occur. Then if A is any event, we have the following important theorem:

Theorem 1-11 (Bayes’ Rule):
PA)PA|A)Y
P(AJA) = 5————— 14, (24)
D P(A)PA|A)
j=1

This enables us to find the probabilities of the various events A, A,, . . ., A, that can cause A to occur. For this
reason Bayes’ theorem is often referred to as a theorem on the probability of causes.

Combinatorial Analysis

In many cases the number of sample points in a sample space is not very large, and so direct enumeration or
counting of sample points needed to obtain probabilities is not difficult. However, problems arise where direct
counting becomes a practical impossibility. In such cases use is made of combinatorial analysis, which could also
be called a sophisticated way of counting.

Fundamental Principle of Counting: Tree Diagrams

If one thing can be accomplished in n, different ways and after this a second thing can be accomplished in n, dif-
ferent ways, . . ., and finally a kth thing can be accomplished in n, different ways, then all k things can be ac-
complished in the specified order in n;n, . . . n, different ways.

EXAMPLE 1.14 If a man has 2 shirts and 4 ties, then he has 2 - 4 = 8 ways of choosing a shirt and then a tie.

A diagram, called a tree diagram because of its appearance (Fig. 1-4), is often used in connection with the
above principle.

EXAMPLE 1.15 Letting the shirts be represented by S, S, and the ties by T, T,, T, T, the various ways of choosing
a shirt and then a tie are indicated in the tree diagram of Fig. 1-4.

Fig. 1-4
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Permutations
Suppose that we are given n distinct objects and wish to arrange r of these objects in a line. Since there are n
ways of choosing the 1st object, and after this is done, n — 1 ways of choosing the 2nd object, . . . , and finally

n — r + 1 ways of choosing the rth object, it follows by the fundamental principle of counting that the number
of different arrangements, or permutations as they are often called, is given by

Lo=nn—1Dn—-2)--- m—r+1 (25)

where it is noted that the product has r factors. We call , P, the number of permutations of n objects taken r at a time.
In the particular case where » = n, (25) becomes

P.o=n(n—@n—2) - 1=n (26)

which is called 7 factorial. We can write (25) in terms of factorials as

|
P n:

== @n

If r = n, we see that (27) and (26) agree only if we have 0! = 1, and we shall actually take this as the definition of 0!.

EXAMPLE 1.16 The number of different arrangements, or permutations, consisting of 3 letters each that can be formed
from the 7 letters A, B, C, D, E, F, G is

7!
B=gy=7-6-5=210
Suppose that a set consists of # objects of which n, are of one type (i.e., indistinguishable from each other),
n, are of a second type, . . ., n, are of a kth type. Here, of course, n = n; + n, + - - - + n,. Then the number of
different permutations of the objects is
n!

- nln,! - my! (28)

nt on,ny, ..., n

See Problem 1.25.

EXAMPLE 1.17 The number of different permutations of the 11 letters of the word M I S SIS S 1P P I, which con-
sistsof 1 M, 4 I's, 4 S’s, and 2 P’s, is

11!
11414121

= 34,650

Combinations

In a permutation we are interested in the order of arrangement of the objects. For example, abc is a different per-

mutation from bca. In many problems, however, we are interested only in selecting or choosing objects without

regard to order. Such selections are called combinations. For example, abc and bca are the same combination.
The total number of combinations of r objects selected from n (also called the combinations of n things taken

r at a time) is denoted by ,C, or " . We have (see Problem 1.27)
r

n !
<r> =G = r!(nn— r)! 29

It can also be written

- (30)

<n>:n(n—l)---(n—r+l):,,P
.

r! r!

n n
( ) = ( > or nCr = nCn—r (31)
r n—r

It is easy to show that
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EXAMPLE 1.18 The number of ways in which 3 cards can be chosen or selected from a total of 8 different cards is
8 8-7-6
Cs = (3> :T:%

Binomial Coefficient
The numbers (29) are often called binomial coefficients because they arise in the binomial expansion

(X + y)n = xn + <T>xnly + <;l>x;12y2 + -0+ <Z>yn (32)

They have many interesting properties.

4 4 4 4
EXAMPLE 1.19 (x + y)t = x4 + <1>x3y + <2>xzyz + <3>xy3 " <4>y4

=xt + 43y + 6x2)2 + 4xy3 + y*

Stirling’s Approximation to n!

When n is large, a direct evaluation of n! may be impractical. In such cases use can be made of the approximate
formula

n! ~ V2man nren (33)

where e = 2.71828 . . ., which is the base of natural logarithms. The symbol ~ in (33) means that the ratio of
the left side to the right side approaches 1 asn — o.

Computing technology has largely eclipsed the value of Stirling’s formula for numerical computations, but
the approximation remains valuable for theoretical estimates (see Appendix A).

SOLVED PROBLEMS

Random experiments, sample spaces, and events

1.1. A card is drawn at random from an ordinary deck of 52 playing cards. Describe the sample space if consid-
eration of suits (a) is not, (b) is, taken into account.

(a) If we do not take into account the suits, the sample space consists of ace, two, . . ., ten, jack, queen, king,
and it can be indicated as {1, 2, ..., 13}.

(b) If we do take into account the suits, the sample space consists of ace of hearts, spades, diamonds, and clubs; . . . ;
king of hearts, spades, diamonds, and clubs. Denoting hearts, spades, diamonds, and clubs, respectively, by
1, 2, 3, 4, for example, we can indicate a jack of spades by (11, 2). The sample space then consists of the 52
points shown in Fig. 1-5.

Cr [ ] [ ] [ ] [ [ ] [ [ L] ° [ ] [ ] [ [ ]
DI L] L] L] L] L] L] o ] [ ] L] L] L] L]
S+ [ ] [ ] [ ] [ [ [ ] [ ° L] [ ] [ ] [ ] [ ]
HF ° ° ° L] ° L] ° [ ] [ ] ° ° ° °

| | | | | | | | | | | | |
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1.2. Referring to the experiment of Problem 1.1, let A be the event {king is drawn} or simply {king} and B the
event {club is drawn} or simply {club}. Describe the events (a) A U B, (b)) AN B, (c)A U B, (d)A" U B’,
e)A—B,(f)A'—B,(22(ANB)UANB.

(a) A U B = {either king or club (or both, i.e., king of clubs)}.

(b) A N B = {both king and club} = {king of clubs}.

(¢) Since B = {club}, B’ = {not club} = {heart, diamond, spade}.
Then A U B’ = {king or heart or diamond or spade}.

(d) A" U B’ = {not king or not club} = {not king of clubs} = {any card but king of clubs}.
This can also be seen by noting that A" U B' = (A N B)' and using (b).

(e) A — B = {king but not club}.
This is the same as A N B’ = {king and not club}.

(f) A’ — B’ = {not king and not “not club”’} = {not king and club} = {any club except king}.
This can also be seen by noting that A" — B' = A" N (B') = A’ N B.

(g) (AN B)U (AN B") = {(king and club) or (king and not club)} = {king}.
This can also be seen by noting that (A N B) U (A N B') = A.

1.3. Use Fig. 1-5 to describe the events (a) A U B, (b) A’ N B'.

The required events are indicated in Fig. 1-6. In a similar manner, all the events of Problem 1.2 can also be indi-
cated by such diagrams. It should be observed from Fig. 1-6 that A" N B’ is the complement of A U B.

Cr (. [ ] [ ] [ ] ® [ ] [ ] [ ] [ ] o [ ]
D [ ) [ ) [ ) [ ] [ ] [ ] [ ] [ ) [ ) [ ) [ )
AUB
S [ ) [ ) [ ) [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
H [ ] [ ] [ ] [ ] [ ] ® o o [ ] [ ] o
A'NB
| | | | | | | | | | | | |
0 1 2 3 4 5 6 7 8 9 10 11 12 13
Fig. 1-6

Theorems on probability
1.4. Prove (a) Theorem 1-1, (b) Theorem 1-2, (c) Theorem 1-3, page 5.

(a) Wehave A, =A, U (A, — A,) where A, and A, — A, are mutually exclusive. Then by Axiom 3, page 5:
P(A;) = P(A) + P(A, — A)
so that P(A, — A)) = P(A) — PA)
Since P(A, — A;) = 0 by Axiom 1, page 5, it also follows that P(A,) = P(A)).

(b) We already know that P(A) = 0 by Axiom 1. To prove that P(A) = 1, we first note that A ( S. Therefore,
by Theorem 1-1 [part (a)] and Axiom 2,

PA) =P =1
(¢) Wehave S =S U . Since S N & = J, it follows from Axiom 3 that
P(S) = P(S) + P(D) or P@) =0
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1.5. Prove (a) Theorem 1-4, (b) Theorem 1-6.
(a) Wehave A UA’ = §.ThensinceA N A’ = &, we have
P(AUA") =P(S) or PA) + PA) =1
ie., PA") =1—P(A)

(b) We have from the Venn diagram of Fig. 1-7,
(¢)) AUB=AUI[B—-(ANB)]
Then since the sets A and B — (A N B) are mutually exclusive, we have, using Axiom 3 and Theorem 1-1,
P(A UB) = P(A) + P[B — (A N B)]
= P(A) + P(B) — P(A N B)

B

ANB B—(4ANB)

Fig. 1-7

Calculation of probabilities

1.6. A card is drawn at random from an ordinary deck of 52 playing cards. Find the probability that it is (a) an
ace, (b) a jack of hearts, (c) a three of clubs or a six of diamonds, (d) a heart, (e) any suit except hearts,
(f) a ten or a spade, (g) neither a four nor a club.

Let us use for brevity H, S, D, C to indicate heart, spade, diamond, club, respectively, and 1, 2, ..., 13 for
ace, two, . . . , king. Then 3 M H means three of hearts, while 3 U H means three or heart. Let us use the
sample space of Problem 1.1(b), assigning equal probabilities of 1/52 to each sample point. For example,
P6NC) =1/52.

(a) P(l)=PO0NHorlNSorlNDorl NC)
=POANH) +POANS)+PAIND)+POINC)

_r 1 1 1 _ 1
" TntntTn T3

This could also have been achieved from the sample space of Problem 1.1(a) where each sample point, in
particular ace, has probability 1/13. It could also have been arrived at by simply reasoning that there are 13
numbers and so each has probability 1/13 of being drawn.

(b) P(llﬁH)=5L2

_ ~ L, 1 _ 1

(© PBNCor6ND)=P3NC)+P6END)=755+355=5¢

(d) P(H = PANHor2N H 13mH):i+i+“'+L:1*3:l
or or. - 52752 52 52 4

This could also have been arrived at by noting that there are four suits and each has equal probability1/2 of
being drawn.

(¢e) PH)=1—-PH) =1 — % = % using part (d) and Theorem 1-4, page 6.

(f) Since 10 and S are not mutually exclusive, we have, from Theorem 1-6,

11 _ 4
4 52 7 13
(g) The probability of neither four nor club can be denoted by P(4' N C'). But4' N C' = (4 U C)".

P0U ) = P10) + PS) — PAON §) = 5 +
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Therefore,

P@4'NC)=P[4UC)]=1— P4U C)

1 = [P@) + P(C) — P4NO)]

|
-
|
—
Sl=
_|_
TN
|
Bl
L
[
Sle

We could also get this by noting that the diagram favorable to this event is the complement of the event
shown circled in Fig. 1-8. Since this complement has 52 —16 = 36 sample points in it and each sample point
is assigned probability 1/52, the required probability is 36/52 = 9/13.

cl (o o e (o) o o o o o o o o o)

0 1 2 3 4 5 6 7 8 9 10 11 12 13
Fig. 1-8
1.7. A ball is drawn at random from a box containing 6 red balls, 4 white balls, and 5 blue balls. Determine the
probability that it is (a) red, (b) white, (c) blue, (d) not red, (e) red or white.

(a) Method 1
Let R, W, and B denote the events of drawing a red ball, white ball, and blue ball, respectively. Then

ways of choosing a red ball 6 6

_ 2
total ways of choosingaball ~ 6 +4+ 5 15 5

P(R) =
Method 2
Our sample space consists of 6 + 4 + 5 = 15 sample points. Then if we assign equal probabilities 1/15 to
each sample point, we see that P(R) = 6/15 = 2/5, since there are 6 sample points corresponding to “red ball.”

_ 4 _ 4
®) PN =654 +5 =15
_ 5 _5_1
© PB =6 a5 15 3
(d) P(otred) = P(R)=1—-PQR) =1 — % = % by part (a).

(e) Method 1
ways of choosing a red or white ball

total ways of choosing a ball
6+4 10 _2

P(red or white) = P(R U W) =

T6+4+5 15 3

This can also be worked using the sample space as in part (a).

Method 2

PRUW)=PB)=1—-PB) =1 — % = % by part (c).
Method 3
Since events R and W are mutually exclusive, it follows from (4), page 5, that

P(RU W) = P(R) + P(W) = 2+ 15 = 2
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Conditional probability and independent events

1.8.

1.9.

A fair die is tossed twice. Find the probability of getting a 4, 5, or 6 on the first toss and a 1, 2, 3, or 4 on
the second toss.

Let A, be the event “4, 5, or 6 on first toss,” and A, be the event “1, 2, 3, or 4 on second toss.” Then we are
looking for P(A; N A,).

Method 1
P(A, N A) = PA)P(A| A) = P(A)PA) = <2><2> =1

We have used here the fact that the result of the second toss is independent of the first so that P(A,| A,) = P(A,).
Also we have used P(A,) = 3/6 (since 4, 5, or 6 are 3 out of 6 equally likely possibilities) and P(A,) = 4/6 (since
1,2, 3, or 4 are 4 out of 6 equally likely possibilities).

Method 2
Each of the 6 ways in which a die can fall on the first toss can be associated with each of the 6 ways in which it
can fall on the second toss, a total of 6 - 6 = 36 ways, all equally likely.

Each of the 3 ways in which A, can occur can be associated with each of the 4 ways in which A, can occur to
give 3 -+ 4 = 12 ways in which both A, and A, can occur. Then

12 1

PAN A) =32 =3

This shows directly that A; and A, are independent since

PA, NA,) = % = (g)(g) = P(A)PA,)

Find the probability of not getting a 7 or 11 total on either of two tosses of a pair of fair dice.

The sample space for each toss of the dice is shown in Fig. 1-9. For example, (5, 2) means that 5 comes up on
the first die and 2 on the second. Since the dice are fair and there are 36 sample points, we assign probability
1/36 to each.

Second die

First die
Fig. 1-9

If we let A be the event “7 or 11,” then A is indicated by the circled portion in Fig. 1-9. Since 8 points are
included, we have P(A) = 8/36 = 2/9. It follows that the probability of no 7 or 11 is given by
217

PAY=1-PA) =1-5=¢%
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1.10.

1.11.

Using subscripts 1, 2 to denote 1st and 2nd tosses of the dice, we see that the probability of no 7 or 11 on
either the first or second tosses is given by

P(A] Y PUAY | AD) = P(A) PAY) = <;><;> =2,

using the fact that the tosses are independent.

Two cards are drawn from a well-shuffled ordinary deck of 52 cards. Find the probability that they are both
aces if the first card is (a) replaced, (b) not replaced.

Method 1
Let A; = event “ace on first draw” and A, = event “ace on second draw.” Then we are looking for P(A; N A,) =
P(A)) P4, | A)).

(a) Since for the first drawing there are 4 aces in 52 cards, P(A,) = 4/52. Also, if the card is replaced for the
second drawing, then P(A, | A,) = 4/52, since there are also 4 aces out of 52 cards for the second drawing.
Then

P(A;N Ay = PA)PA, | A) = (;42)<§42> = %

(b) As in part (a), P(A,) = 4/52. However, if an ace occurs on the first drawing, there will be only 3 aces left in
the remaining 51 cards, so that P(A, | A,) = 3/51. Then

Method 2
(a) The first card can be drawn in any one of 52 ways, and since there is replacement, the second card can also
be drawn in any one of 52 ways. Then both cards can be drawn in (52)(52) ways, all equally likely.
In such a case there are 4 ways of choosing an ace on the first draw and 4 ways of choosing an ace on the
second draw so that the number of ways of choosing aces on the first and second draws is (4)(4). Then the
required probability is

(GG 1

(52)(52) ~ 169

(b) The first card can be drawn in any one of 52 ways, and since there is no replacement, the second card can
be drawn in any one of 51 ways. Then both cards can be drawn in (52)(51) ways, all equally likely.
In such a case there are 4 ways of choosing an ace on the first draw and 3 ways of choosing an ace on the
second draw so that the number of ways of choosing aces on the first and second draws is (4)(3). Then the
required probability is

®3) 1

(52)(51) ~— 221

Three balls are drawn successively from the box of Problem 1.7. Find the probability that they are drawn
in the order red, white, and blue if each ball is (a) replaced, (b) not replaced.

Let R, = event “red on first draw,” W, = event “white on second draw,” B; = event “blue on third draw.” We
require P(R;, N W, N By).

(a) If each ball is replaced, then the events are independent and
P(R, N W,N By) = P(R)P(W, | R)P(B; | R, N W))
= P(R,) P(W,) P(B5)

_ 6 4 5 _ 8
6+4+5)\6+4+5)\6+4+5) 225




1.12.

1.13.

1.14.
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(b) If each ball is not replaced, then the events are dependent and

PR, N W,N By) = P(R)) P(W, | R])P(B3 |R1 Nnw,)

. 6 4 5 _ 4
“\6+4+5N\5+4+5)\5+3+5) 91

Find the probability of a 4 turning up at least once in two tosses of a fair die.

Let A, = event “4 on first toss” and A, = event “4 on second toss.” Then
A, U A, = event “4 on first toss or 4 on second toss or both”
= event “at least one 4 turns up,”
and we require P(A; U A,).

Method 1
Events A, and A, are not mutually exclusive, but they are independent. Hence, by (/0) and (21),

P(A; U Ay = P(A) + P(Ay) — PAN Ay

P(A) + P(Ay) — P(A)P(A,)

11 (1)(1)_u
6‘*6"<6><6>"36

Method 2
P(at least one 4 comes up) + P(no 4 comes up) = 1
Then P(at least one 4 comes up) = 1 — P(no 4 comes up)
=1 — P(no 4 on Ist toss and no 4 on 2nd toss)
=1-PA;NAY) =1 PA)PAY)
o (5)\(5) -1
6/\6 36
Method 3

Total number of equally likely ways in which both dice can fall = 6 - 6 = 36.
Also Number of ways in which A, occurs but not A, = 5
Number of ways in which A, occurs but notA; = 5
Number of ways in which both A, and A, occur = 1

Then the number of ways in which at least one of the events A, or A, occurs = 5 + 5 + 1 = 11. Therefore,
P(A, U A,) =11/36.

One bag contains 4 white balls and 2 black balls; another contains 3 white balls and 5 black balls. If one
ball is drawn from each bag, find the probability that (a) both are white, (b) both are black, (c) one is white
and one is black.

Let W, = event “white ball from first bag,” W, = event “white ball from second bag.”

(a) P(W, W) = POW,) P(W, | W) = P(W,) P(Ws) = <412>(3i5> =1

() POV} 0 Wh) = POV)P(W, | W)) = PO P(WS) = <4i2><3_§5> =

(C) The required probability is
P(W.N W, W N W 1 5 13
1 ( 1 2) P( 1 2) = ] —_ = = = ——

Prove Theorem 1-10, page 7.

We prove the theorem for the case n = 2. Extensions to larger values of n are easily made. If event A must
result in one of the two mutually exclusive events A,, A,, then

A=ANA)UM@ANA,)



CHAPTER 1 Basic Probabhility

1.15.

ButA N A, and A N A, are mutually exclusive since A, and A, are. Therefore, by Axiom 3,
P(A)=PANA)+PANA)
= P(A) P(A| A) + P4, P(A] Ay

using (18), page 7.

Box I contains 3 red and 2 blue marbles while Box II contains 2 red and 8 blue marbles. A fair coin is
tossed. If the coin turns up heads, a marble is chosen from Box I; if it turns up tails, a marble is chosen
from Box /1. Find the probability that a red marble is chosen.

Let R denote the event “a red marble is chosen” while 7 and /I denote the events that Box 7 and Box I are
chosen, respectively. Since a red marble can result by choosing either Box I or /I, we can use the results of
Problem 1.14 with A = R, A, = I, A, = II. Therefore, the probability of choosing a red marble is

PR) = PUVPQR| 1) + PUDP®R | 1) = <;)<3 3 2) . (;)(2 2 8) _2

Bayes’ theorem

1.16.

1.17.

Prove Bayes’ theorem (Theorem 1-11, page 8).

Since A results in one of the mutually exclusive events A, A,, . .. , A,, we have by Theorem 1-10
(Problem 1.14),

P(A) = PA)PA|A) + -+ + PA)PA|A,) = E}P(AJ)P(A | A)
=

P(ANA) _ PAYPAIAY)

Therefore, P(A | A) = P i
(A)

PA)PA|A;

j; (A)PAA))

Suppose in Problem 1.15 that the one who tosses the coin does not reveal whether it has turned up heads
or tails (so that the box from which a marble was chosen is not revealed) but does reveal that a red mar-
ble was chosen. What is the probability that Box / was chosen (i.e., the coin turned up heads)?

Let us use the same terminology as in Problem 1.15,1i.e.,A = R, A, = I, A, = II. We seek the probability that Box
I'was chosen given that a red marble is known to have been chosen. Using Bayes’ rule with n = 2, this probability

(3)3)
P(HPR|IT) 2)\3 +2
3

+
PU|R) = PYPR|D) + PUDPRIID ~— [ 1 2
N3 %2 + 2/\2+38

is given by

3
4

Combinational analysis, counting, and tree diagrams
1.18. A committee of 3 members is to be formed consisting of one representative each from labor, management,

and the public. If there are 3 possible representatives from labor, 2 from management, and 4 from the pub-
lic, determine how many different committees can be formed using (a) the fundamental principle of count-
ing and (b) a tree diagram.

(a) We can choose a labor representative in 3 different ways, and after this a management representative in 2
different ways. Then there are 3 - 2 = 6 different ways of choosing a labor and management representative.
With each of these ways we can choose a public representative in 4 different ways. Therefore, the number
of different committees that can be formed is 3 - 2 - 4 = 24.
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(b) Denote the 3 labor representatives by L,, L,, Ls; the management representatives by M,, M,; and the public
representatives by P,, P,, P, P,. Then the tree diagram of Fig. 1-10 shows that there are 24 different
committees in all. From this tree diagram we can list all these different committees, e.g., L,M, P,, L, M, P,, etc.

o
© UL B W —

PZ
M, B
L, P,
Py
® e 10
M, "o
Py
L, 12
" e 13
M, " o 14
e 15
by
16
P
Ly Pl 17
- 18
M, " o 19
Py
20
5 e 21
M, " o2
" 023
by
24
Fig. 1-10
Permutations
1.19. In how many ways can 5 differently colored marbles be arranged in a row?
‘We must arrange the 5 marbles in 5 positions thus: ————— . The first position can be occupied by any one of

5 marbles, i.e., there are 5 ways of filling the first position. When this has been done, there are 4 ways of filling
the second position. Then there are 3 ways of filling the third position, 2 ways of filling the fourth position, and
finally only 1 way of filling the last position. Therefore:

Number of arrangements of 5 marblesinarow =54 -3 -2 1=35! =120
In general,
Number of arrangements of n different objects inarow = n(n — )(n —2) -+ 1 = n!
This is also called the number of permutations of n different objects taken n at a time and is denoted by , P,.
1.20. In how many ways can 10 people be seated on a bench if only 4 seats are available?

The first seat can be filled in any one of 10 ways, and when this has been done, there are 9 ways of filling the
second seat, 8 ways of filling the third seat, and 7 ways of filling the fourth seat. Therefore:

Number of arrangements of 10 people taken 4 at a time = 10 - 9 - 8 - 7 = 5040
In general,
Number of arrangements of n different objects taken ratatime =n(n — 1) -+ (n —r + 1)

This is also called the number of permutations of n different objects taken r at a time and is denoted by ,P,.
Note that when r = n, , P, = n! as in Problem 1.19.

*nt n
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1.21.

1.22.

1.23.

1.24.

1.25.

Evaluate (a) g P, (b) (P, (¢) 5Py, (d) 5P5.
(@ ¢P;=8-7-6=336 (b) P, =6-5-4-3=360 (c) sP,=15 (d) ;P3=3-2-1=6
It is required to seat 5 men and 4 women in a row so that the women occupy the even places. How many

such arrangements are possible?

The men may be seated in 5 P5 ways, and the women in , P, ways. Each arrangement of the men may be
associated with each arrangement of the women. Hence,

Number of arrangements = sP5 - ,P, = 5! 4! = (120)(24) = 2880

How many 4-digit numbers can be formed with the 10 digits 0, 1,2, 3, ..., 9 if (a) repetitions are allowed,
(b) repetitions are not allowed, (c) the last digit must be zero and repetitions are not allowed?

(a) The first digit can be any one of 9 (since O is not allowed). The second, third, and fourth digits can be any
one of 10. Then 9 - 10 - 10 - 10 = 9000 numbers can be formed.
(b) The first digit can be any one of 9 (any one but 0).
The second digit can be any one of 9 (any but that used for the first digit).
The third digit can be any one of 8 (any but those used for the first two digits).
The fourth digit can be any one of 7 (any but those used for the first three digits).
Then9 - 9 - 8 - 7 = 4536 numbers can be formed.

Another method
The first digit can be any one of 9, and the remaining three can be chosen in (P; ways. Then 9 - 9P; =
9 -9 -8+ 7= 4536 numbers can be formed.

(c) The first digit can be chosen in 9 ways, the second in 8 ways, and the third in 7 ways. Then 9 - 8 - 7 = 504
numbers can be formed.

Another method
The first digit can be chosen in 9 ways, and the next two digits in 3 P, ways. Then9 + (P, =9 -8 - 7 =
504 numbers can be formed.

Four different mathematics books, six different physics books, and two different chemistry books are to
be arranged on a shelf. How many different arrangements are possible if (a) the books in each particular
subject must all stand together, (b) only the mathematics books must stand together?

(a) The mathematics books can be arranged among themselves in , P, = 4! ways, the physics books in ( Py = 6!
ways, the chemistry books in , P, = 2! ways, and the three groups in ; P; = 3! ways. Therefore,

Number of arrangements = 416!2!13! = 207,360.

(b) Consider the four mathematics books as one big book. Then we have 9 books which can be arranged in
9Py = 9! ways. In all of these ways the mathematics books are together. But the mathematics books can be
arranged among themselves in ,P, = 4! ways. Hence,

Number of arrangements = 9!4! = 8,709,120

Five red marbles, two white marbles, and three blue marbles are arranged in a row. If all the marbles of
the same color are not distinguishable from each other, how many different arrangements are possible?

Assume that there are N different arrangements. Multiplying N by the numbers of ways of arranging (a) the five
red marbles among themselves, (b) the two white marbles among themselves, and (c) the three blue marbles
among themselves (i.e., multiplying N by 5!2!3!), we obtain the number of ways of arranging the 10 marbles if
they were all distinguishable, i.e., 10!.

Then (51213HN =10! and N = 10!/(5!2!3!)
In general, the number of different arrangements of n objects of which n, are alike, n, are alike, . . . , n, are
]
- y wheren; +n, + -+ + . =n.

N/ S
AR
n,'n,! ny

alike is
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In how many ways can 7 people be seated at a round table if (a) they can sit anywhere, (b) 2 particular peo-
ple must not sit next to each other?

(a) Let 1 of them be seated anywhere. Then the remaining 6 people can be seated in 6! = 720 ways, which is
the total number of ways of arranging the 7 people in a circle.

(b) Consider the 2 particular people as 1 person. Then there are 6 people altogether and they can be arranged in
5! ways. But the 2 people considered as 1 can be arranged in 2! ways. Therefore, the number of ways of
arranging 7 people at a round table with 2 particular people sitting together = 512! = 240.

Then using (a), the total number of ways in which 7 people can be seated at a round table so that the 2
particular people do not sit together = 730 —240 = 480 ways.

Combinations

1.27.

1.28.

1.29.

1.30.

In how many ways can 10 objects be split into two groups containing 4 and 6 objects, respectively?

This is the same as the number of arrangements of 10 objects of which 4 objects are alike and 6 other objects
! c0 .8
are alike. By Problem 1.25, this is 1,7%‘ = W = 210.
The problem is equivalent to finding the number of selections of 4 out of 10 objects (or 6 out of 10 objects), the

order of selection being immaterial. In general, the number of selections of r out of n objects, called the number

of combinations of n things taken r at a time, is denoted by ,C, or and is given by
r

Cc = ny\ _ n! nan—1) - m—-r+1) P
A\ T =0 r! o
Evaluate (a) ,C,, (b) ¢Cs, (c) 4C,.
7! 7-6-5-4 7-6-5
@ 7C = 2137 = 41 =321
6! 6:5-4-3-2
) Cs =gy = sy =6, or (C5=C =6

(c¢) 4C,is the number of selections of 4 objects taken 4 at a time, and there is only one such selection. Then ,C, = 1.
Note that formally

41

€ = Fio1

=1 if wedefine 0! = 1.

In how many ways can a committee of 5 people be chosen out of 9 people?
9\ _ . _ 9 _9-8:7-6-5_
<5> B 7 T R

Out of 5 mathematicians and 7 physicists, a committee consisting of 2 mathematicians and 3 physicists
is to be formed. In how many ways can this be done if (a) any mathematician and any physicist can be in-
cluded, (b) one particular physicist must be on the committee, (c) two particular mathematicians cannot
be on the committee?

(a) 2 mathematicians out of 5 can be selected in ;C, ways.
3 physicists out of 7 can be selected in ,C; ways.

Total number of possible selections = ;C, + ,C; = 10 + 35 = 350

(b) 2 mathematicians out of 5 can be selected in sC, ways.
2 physicists out of 6 can be selected in (C, ways.

Total number of possible selections = sC, * (C, = 10 + 15 = 150

(c) 2 mathematicians out of 3 can be selected in ;C, ways.
3 physicists out of 7 can be selected in ,C; ways.

Total number of possible selections = ;C, + ,C; = 3 + 35 = 105
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1.31.

1.32.

How many different salads can be made from lettuce, escarole, endive, watercress, and chicory?

Each green can be dealt with in 2 ways, as it can be chosen or not chosen. Since each of the 2 ways of dealing
with a green is associated with 2 ways of dealing with each of the other greens, the number of ways of dealing
with the 5 greens = 25 ways. But 25 ways includes the case in which no greens is chosen. Hence,

Number of salads = 25 —1 = 31

Another method
One can select either 1 out of 5 greens, 2 out of 5 greens, . . ., 5 out of 5 greens. Then the required number of

salads is
sC,+sC,+sCi+sC,+sCs=5+10+10+5+ 1 =31
In general, for any positive integer n, ,C, + ,C, +,C; + - -+ +,C, =27 — 1.

From 7 consonants and 5 vowels, how many words can be formed consisting of 4 different consonants and
3 different vowels? The words need not have meaning.

The 4 different consonants can be selected in ,C, ways, the 3 different vowels can be selected in sC; ways, and
the resulting 7 different letters (4 consonants, 3 vowels) can then be arranged among themselves in , P; = 7!
ways. Then

Number of words = ,C, + sC; + 7! = 35 - 10 - 5040 = 1,764,000

The Binomial Coefficients

1.33. Prove that <n> = <n B 1) + (n B 1).
r r r—1

We have

=0t Am =0t e !

(n) o nn— 1! (n—r+nn-— 1

(n —rm-— 1! rin — 1)!
) ri(n — r)!

_ (= (n — 1)
T —r Dl = Dt — !

(5)+C)

The result has the following interesting application. If we write out the coefficients in the binomial

expansion of (x + y)»forn =0, 1, 2, . . ., we obtain the following arrangement, called Pascal’s triangle:
n=0 1
n=1 1 1
n=2 1 2 1
n=3 1 3 3 1
n=4 1 4 6 4 1
n=>5 1 5 10 10 5 1
n==6 1 6 15 20 15 6 1
etc.

An entry in any line can be obtained by adding the two entries in the preceding line that are to its immediate left
and right. Therefore, 10 =4 + 6, 15 = 10 + 5, etc.
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1.34. Find the constant term in the expansion of

N

1 12
2 2
x> + x> .
According to the binomial theorem,

| 12 12 12 | 12—k 12 12
oot - S 82

The constant term corresponds to the one for which 3k —12 = 0, i.e., k = 4, and is therefore given by

12\ 12-11-10-9 _
<4>‘ 4-3.2.1

Probability using combinational analysis

1.35. A box contains 8 red, 3 white, and 9 blue balls. If 3 balls are drawn at random without replacement, de-
termine the probability that (a) all 3 are red, (b) all 3 are white, (c) 2 are red and 1 is white, (d) at least 1
is white, (e) 1 of each color is drawn, (f) the balls are drawn in the order red, white, blue.

(a) Method 1
Let R, R,, R, denote the events, “red ball on 1st draw,” “red ball on 2nd draw,” “red ball on 3rd draw,”
respectively. Then R; N R, N R; denotes the event “all 3 balls drawn are red.” We therefore have

P(R,NR,NRy) = P(Rl)P(R2|R1)P(R3 | RN R,)
_ (8N T\ )14
—\20 19 18) ~ 285

number of selections of 3 out of 8 red balls _ sCs 14

number of selections of 3 out of 20 balls — ,,C; ~ 285

Method 2

Required probability =

(b) Using the second method indicated in part (a),

P(all 3 are white) = & S
220G 1140

The first method indicated in part (a) can also be used.

(¢) P(2 are red and 1 is white)

_ (selections of 2 out of 8 red balls)(selections of 1 out of 3 white balls)
N number of selections of 3 out of 20 balls

_ (3C)GCY 7

0C; 95
G 34
. Loy b 34
(d) P(none is white) = 720 c, =57 Then
white) = | — >4 _ 23
P(at least 1 is white) = 1 57 = 57

CHGCHGLC
(e) P(1 of each color is drawn) = LC')QI) - %
20%~3

(f) P(balls drawn in order red, white, blue) = % P(1 of each color is drawn)

_1{18) 3 .
= 6 % = %, using (e)
Another method
P(R,N W,NB;) = P(Rl)P(W2|R1)P(Bs | RNW,)

- (3)(5)(5) -5
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1.36.

1.37.

1.38.

In the game of poker 5 cards are drawn from a pack of 52 well-shuffled cards. Find the probability that (a)
4 are aces, (b) 4 are aces and 1 is a king, (c) 3 are tens and 2 are jacks, (d) a nine, ten, jack, queen, king
are obtained in any order, (e) 3 are of any one suit and 2 are of another, (f) at least 1 ace is obtained.

_ GCIC) 1
(a) P(4aces) = Cs = 54.145°
.  GGIGC) 1
(b) P(4 aces and 1 king) = Cs = 649.740"
. GGG 1

(c) P(3 are tens and 2 are jacks) = Cs 108,290

. . L _ GEIGEDEENLEDGC) 64
(d) P(nine, ten, jack, queen, king in any order) = C = 162.435"

. @366 36) 429
(e) P(3 of any one suit, 2 of another) = Cs = 4165°
since there are 4 ways of choosing the first suit and 3 ways of choosing the second suit.
C 35,673 35,673 18,472

(f) P(hoace) = 22 = = Then P(at least one ace) = 1 — = =

»Cs 54,145 54,145 ~ 54,145
Determine the probability of three 6s in 5 tosses of a fair die.

Let the tosses of the die be represented by the 5 spaces ————— . In each space we will have the events 6 or
not 6 (6"). For example, three 6s and two not 6s can occur as 6 6 6'6 6" or 6 6’6 6’6, etc.
Now the probability of the outcome 6 6 6' 6 6" is

3 2
P666'66) = P(6) P(6) P(6) PO PE) = L - 1.5 1.5 <é> (2)

)

for all other outcomes in which three 6s and two not 6s occur. But there are ;C; = 10 such outcomes, and these
are mutually exclusive. Hence, the required probability is

3 2 3 2
!
rossseorsossoor.. - o) () - 35(e) (3] - 1

In general, if p = P(A) and ¢ = 1 —p = P(A’), then by using the same reasoning as given above, the
probability of getting exactly x A’s in n independent trials is

n
nCpr qnfx = B px qnfx

A shelf has 6 mathematics books and 4 physics books. Find the probability that 3 particular mathematics
books will be together.

since we assume independence. Similarly,

All the books can be arranged among themselves in ,,P,, = 10! ways. Let us assume that the 3 particular

mathematics books actually are replaced by 1 book. Then we have a total of 8 books that can be arranged

among themselves in 4Py = 8! ways. But the 3 mathematics books themselves can be arranged in ;P = 3!
ways. The required probability is thus given by

8131 1

10! 15

Miscellaneous problems

1.39. A and B play 12 games of chess of which 6 are won by A, 4 are won by B, and 2 end in a draw. They agree

to play a tournament consisting of 3 games. Find the probability that (a) A wins all 3 games, (b) 2 games
end in a draw, (c) A and B win alternately, (d) B wins at least 1 game.

LetA,, A,, A; denote the events “A wins” in 1st, 2nd, and 3rd games, respectively, B,, B,, B; denote the events
“B wins” in 1Ist, 2nd, and 3rd games, respectively. On the basis of their past performance (empirical probability),
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we shall assume that

P(A wins any one game) = 1% = %, P(B wins any one game) = % = %
. _ _ (111} _1
(a) P(A wins all 3 games) = P(A; N A, N A;) = P(A)) P(A,) P(A;) = >N\a 2] =%

assuming that the results of each game are independent of the results of any others. (This assumption would
not be justifiable if either player were psychologically influenced by the other one’s winning or losing.)

(b) In any one game the probability of a nondraw (i.e., either A or B wins) is ¢ = % + % = % and the
probability of adrawisp = 1 — g = é Then the probability of 2 draws in 3 trials is (see Problem 1.37)

(re--(1]0)-3

(© P(A and B win alternately) = P(A wins then B wins then A wins
or B wins then A wins then B wins)
=PA, NB,NA;)+ PB, NA,NBy)
= P(A)DP(B,)P(A3) + P(B))P(A)P(By)

-0 - (02

(d) P(B wins at least one game) = 1 — P(B wins no game)
1 — P(BiN B,N B})

1 — P(B})P(BY) P(B})

- (0)- 5

A and B play a game in which they alternately toss a pair of dice. The one who is first to get a total of
7 wins the game. Find the probability that (a) the one who tosses first will win the game, (b) the one who
tosses second will win the game.

(a) The probability of getting a 7 on a single toss of a pair of dice, assumed fair, is 1/6 as seen from Problem 1.9
and Fig. 1-9. If we suppose that A is the first to toss, then A will win in any of the following mutually
exclusive cases with indicated associated probabilities:

(1) A wins on 1st toss. Probability = é

(2) Aloses on 1st toss, B then loses, A then wins. Probability = <2><g><é)

(3) Aloses on 1st toss, B loses, A loses, B loses, A wins. Probability = <g><2><g) <Z) <é>

Then the probability that A wins is

(-6 REEE- -
A (@) )

where we have used the result 6 of Appendix A with x = (5/6)2.
(b) The probability that B wins the game is similarly

(6 K - Q- -7+

5/36 5

1 - (562 11
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1.41.

1.42.

1.43.

1.44.

Therefore, we would give 6 to 5 odds that the first one to toss will win. Note that since
6 5

ﬁ'ﬁ‘ﬁzl

the probability of a tie is zero. This would not be true if the game was limited. See Problem 1.100.

A machine produces a total of 12,000 bolts a day, which are on the average 3% defective. Find the prob-
ability that out of 600 bolts chosen at random, 12 will be defective.

Of the 12,000 bolts, 3%, or 360, are defective and 11,640 are not. Then:

C C.
. N 36012 11,640™~588
Required probability = S —
12,000™~ 600
A box contains 5 red and 4 white marbles. Two marbles are drawn successively from the box without re-

placement, and it is noted that the second one is white. What is the probability that the first is also white?

Method 1
If W,, W, are the events “white on 1st draw,” “white on 2nd draw,” respectivley, we are looking for P(W, | W,).
This is given by
PWNW,) — (4/93/8) 3
P(W,) 4/9 "8

P(WI‘WZ) =

Method 2
Since the second is known to be white, there are only 3 ways out of the remaining 8 in which the first can be
white, so that the probability is 3/8.

The probabilities that a husband and wife will be alive 20 years from now are given by 0.8 and 0.9, respec-
tively. Find the probability that in 20 years (a) both, (b) neither, (c) at least one, will be alive.

Let H, W be the events that the husband and wife, respectively, will be alive in 20 years. Then P(H) = 0.8,
P(W) = 0.9. We suppose that H and W are independent events, which may or may not be reasonable.

(a) P(both will be alive) = P(H N W) = P(H)P(W) = (0.8)(0.9) = 0.72.
(b) P(neither will be alive) = P(H' N W') = P(H") P(W') = (0.2)(0.1) = 0.02.
(c) P(atleast one will be alive) = 1 —P(neither will be alive) = 1 —0.02 = 0.98.

An inefficient secretary places n different letters into n differently addressed envelopes at random. Find the
probability that at least one of the letters will arrive at the proper destination.

LetA,, A,, ... A, denote the events that the 1st, 2nd, . . ., nth letter is in the correct envelope. Then the event that
at least one letter is in the correct envelopeisA; U A, U --- U A,, and we want to find P(A, UA, U --- UA).
From a generalization of the results (/0) and (/1), page 6, we have

(1) PA U A, U~ UA) = 2PA) — 2 PA;NA) + 2 PANANAY
— oo+ (—1)""P(A]ﬁA2ﬂ mAn)

where EP(Ak) the sum of the probabilities of A, from 1 to n, EP(Aj M A) is the sum of the probabilities of A; N
A, with j and k from 1 to n and k > j, etc. We have, for example, the following:

@ PA) =1 andsimilarly P4y = L

since, of the n envelopes, only 1 will have the proper address. Also

n—1

3) P(A;NA) = PA)PA,|A) = <%)< ; )

since, if the 1st letter is in the proper envelope, then only 1 of the remaining n — 1 envelopes will be proper. In a
similar way we find

n—1

4) PA,NANA) = PA)PA, | A)P(A,| 4,0 4y) = (%)( ! >(n L 2)
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etc., and finally
s _ (1)1 1 _ 1
5) PA N AN---NA) =1|7 1)\ )=

Now in the sum 2 P(A; N A there are (;) = ,C, terms all having the value given by (3). Similarly in

2 P(A; M A; N Ay, there are <§> = ,C; terms all having the value given by (4). Therefore, the required
probability is

om0~ (0) - G ) K )
e ()

1 1 1
:1_54_?_ ...J,_(_l)nfln—!

From calculus we know that (see Appendix A)

B 2 i3
€'x—1+x+7!+§+"‘
so that for x = -1
o 1,1
6‘1—1*<l ?4‘?*)
1 1 _
or 1_54_5_...:]_81

It follows that if n is large, the required probability is very nearly 1 — e~! = 0.6321. This means that there
is a good chance of at least 1 letter arriving at the proper destination. The result is remarkable in that the
probability remains practically constant for all n > 10. Therefore, the probability that at least 1 letter will arrive
at its proper destination is practically the same whether » is 10 or 10,000.

Find the probability that n people (n = 365) selected at random will have n different birthdays.

We assume that there are only 365 days in a year and that all birthdays are equally probable, assumptions which
are not quite met in reality.

The first of the n people has of course some birthday with probability 365/365 = 1. Then, if the second is to
have a different birthday, it must occur on one of the other 364 days. Therefore, the probability that the second
person has a birthday different from the first is 364/365. Similarly the probability that the third person has a
birthday different from the first two is 363 /365. Finally, the probability that the nth person has a birthday
different from the others is (365 — n + 1)/365. We therefore have

365 364 363 365 —n +1

365 365 365 365

-5 - 5)

Determine how many people are required in Problem 1.45 to make the probability of distinct birthdays less
than 1/2.

P(all n birthdays are different) =

Denoting the given probability by p and taking natural logarithms, we find

_ _ L 2 ), _n—1
(D) Inp = ln(l 365) + ln(l 365) + + ln(l 365 >

But we know from calculus (Appendix A, formula 7) that

) N —x=-x-< % ..
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so that (1) can be written

1
3) Inp=- 365 2

142+ +@m—1
(365

[12+22+ o F (=12
Using the facts that forn = 2, 3, . . . (Appendix A, formulas 1 and 2)

nn — 1)
2 bl

nn — 1H2n — 1)

@ 1+ 2+ -1 = 5

12+22+ ... + (- 1)72=

we obtain for (3)

nn—1) nn—1D)2n—-1)
730 12(365)?

5) Inp =

For n small compared to 365, say, n << 30, the second and higher terms on the right of (5) are negligible
compared to the first term, so that a good approximation in this case is

nn—1)
(6) Inp = ~ 730
Forp = %, In p = —In 2 = —0.693. Therefore, we have

nn—1)

(7N 730~ 0693 or n—n—506=0 or n=-23)n+22)=0

so that n = 23. Our conclusion therefore is that, if n is larger than 23, we can give better than even odds that at
least 2 people will have the same birthday.

SUPPLEMENTARY PROBLEMS

Calculation of probabilities

1.47.

1.48.

1.49.

1.50.

Determine the probability p, or an estimate of it, for each of the following events:

(a) A king, ace, jack of clubs, or queen of diamonds appears in drawing a single card from a well-shuffled
ordinary deck of cards.

(b) The sum 8 appears in a single toss of a pair of fair dice.
(¢) A nondefective bolt will be found next if out of 600 bolts already examined, 12 were defective.
(d) A7or 11 comes up in a single toss of a pair of fair dice.

(e) Atleast 1 head appears in 3 tosses of a fair coin.

An experiment consists of drawing 3 cards in succession from a well-shuffled ordinary deck of cards. Let A, be
the event “king on first draw,” A, the event “king on second draw,” and A5 the event “king on third draw.” State
in words the meaning of each of the following:

@ PA N A, (b) PA UAy, (o) PA}UAY), (d) PA'NANAY, () PI(ANA)U (AN A

A marble is drawn at random from a box containing 10 red, 30 white, 20 blue, and 15 orange marbles. Find the
probability that it is (a) orange or red, (b) not red or blue, (c) not blue, (d) white, (e) red, white, or blue.

Two marbles are drawn in succession from the box of Problem 1.49, replacement being made after each
drawing. Find the probability that (a) both are white, (b) the first is red and the second is white, (c) neither is
orange, (d) they are either red or white or both (red and white), (e) the second is not blue, (f) the first is orange,
(g) at least one is blue, (h) at most one is red, (i) the first is white but the second is not, (j) only one is red.
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1.51. Work Problem 1.50 with no replacement after each drawing.

Conditional probability and independent events

1.52. A box contains 2 red and 3 blue marbles. Find the probability that if two marbles are drawn at random (without
replacement), (a) both are blue, (b) both are red, (c) one is red and one is blue.

1.53. Find the probability of drawing 3 aces at random from a deck of 52 ordinary cards if the cards are
(a) replaced, (b) not replaced.

1.54. If at least one child in a family with 2 children is a boy, what is the probability that both children are boys?

1.55. Box I contains 3 red and 5 white balls, while Box II contains 4 red and 2 white balls. A ball is chosen at random
from the first box and placed in the second box without observing its color. Then a ball is drawn from the
second box. Find the probability that it is white.

Bayes’ theorem or rule

1.56. A box contains 3 blue and 2 red marbles while another box contains 2 blue and 5 red marbles. A marble
drawn at random from one of the boxes turns out to be blue. What is the probability that it came from the
first box?

1.57. Each of three identical jewelry boxes has two drawers. In each drawer of the first box there is a gold watch. In
each drawer of the second box there is a silver watch. In one drawer of the third box there is a gold watch while
in the other there is a silver watch. If we select a box at random, open one of the drawers and find it to contain a
silver watch, what is the probability that the other drawer has the gold watch?

1.58. Urn I has 2 white and 3 black balls; Urn /I, 4 white and 1 black; and Urn /11, 3 white and 4 black. An urn is
selected at random and a ball drawn at random is found to be white. Find the probability that Urn / was
selected.

Combinatorial analysis, counting, and tree diagrams

1.59. A coin is tossed 3 times. Use a tree diagram to determine the various possibilities that can arise.

1.60. Three cards are drawn at random (without replacement) from an ordinary deck of 52 cards. Find the number of
ways in which one can draw (a) a diamond and a club and a heart in succession, (b) two hearts and then a club
or a spade.

1.61. In how many ways can 3 different coins be placed in 2 different purses?

Permutations
1.62. Evaluate (a) ,P,, (b) ;Ps, (¢) ;o P5-

1.63. For what value of nis . P; = ,P,?
1.64. In how many ways can 5 people be seated on a sofa if there are only 3 seats available?

1.65. In how many ways can 7 books be arranged on a shelf if (a) any arrangement is possible, (b) 3 particular books
must always stand together, (c) two particular books must occupy the ends?
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1.66.

1.67.

1.68.

1.69.

How many numbers consisting of five different digits each can be made from the digits 1,2, 3, ..., 9if
(a) the numbers must be odd, (b) the first two digits of each number are even?

Solve Problem 1.66 if repetitions of the digits are allowed.

How many different three-digit numbers can be made with 3 fours, 4 twos, and 2 threes?

In how many ways can 3 men and 3 women be seated at a round table if (a) no restriction is imposed,
(b) 2 particular women must not sit together, (c) each woman is to be between 2 men?

Combinations

1.70.

1.71.

1.72.

1.73.

1.74.

1.75.

1.76.

1.77.

Evaluate (a) sC5, (b) 3Cy, (€) 14Cs.

For what value ofnis3 - ,, C; =7 - ,C,?

n

In how many ways can 6 questions be selected out of 10?

How many different committees of 3 men and 4 women can be formed from 8 men and 6 women?

In how many ways can 2 men, 4 women, 3 boys, and 3 girls be selected from 6 men, 8 women, 4 boys and 5
girls if (a) no restrictions are imposed, (b) a particular man and woman must be selected?

In how many ways can a group of 10 people be divided into (a) two groups consisting of 7 and 3 people,
(b) three groups consisting of 5, 3, and 2 people?

From 5 statisticians and 6 economists, a committee consisting of 3 statisticians and 2 economists is to be
formed. How many different committees can be formed if (a) no restrictions are imposed, (b) 2 particular
statisticians must be on the committee, (c) 1 particular economist cannot be on the committee?

Find the number of (a) combinations and (b) permutations of 4 letters each that can be made from the letters of
the word Tennessee.

Binomial coefficients

1.78.

1.79.

1.80.

11
Calculate (a) (Cs, (b) ( 4 >, (©) 5C(C3)/12Cs.
Expand (a) (x + y)°, (b) (x — »)*% (c) (x — x~1)3, (d) (¥ + 2)*

9
Find the coefficient of x in (x + %) .

Probability using combinatorial analysis

1.81.

Find the probability of scoring a total of 7 points (a) once, (b) at least once, (c) twice, in 2 tosses of a pair of
fair dice.



1.82.

1.83.

1.84.

1.85.

1.86.

1.87.

1.88.

1.89.
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Two cards are drawn successively from an ordinary deck of 52 well-shuffled cards. Find the probability that

(a) the first card is not a ten of clubs or an ace; (b) the first card is an ace but the second is not; (c) at least one
card is a diamond; (d) the cards are not of the same suit; (e) not more than 1 card is a picture card (jack, queen,
king); (f) the second card is not a picture card; (g) the second card is not a picture card given that the first was a
picture card; (h) the cards are picture cards or spades or both.

A box contains 9 tickets numbered from 1 to 9, inclusive. If 3 tickets are drawn from the box 1 at a time, find
the probability that they are alternately either odd, even, odd or even, odd, even.

The odds in favor of A winning a game of chess against B are 3:2. If 3 games are to be played, what are
the odds (a) in favor of A winning at least 2 games out of the 3, (b) against A losing the first 2 games
to B?

In the game of bridge, each of 4 players is dealt 13 cards from an ordinary well-shuffled deck of 52 cards.
Find the probability that one of the players (say, the eldest) gets (a) 7 diamonds, 2 clubs, 3 hearts, and 1 spade;
(b) a complete suit.

An urn contains 6 red and 8 blue marbles. Five marbles are drawn at random from it without replacement. Find
the probability that 3 are red and 2 are blue.

(a) Find the probability of getting the sum 7 on at least 1 of 3 tosses of a pair of fair dice, (b) How many tosses
are needed in order that the probability in (a) be greater than 0.95?

Three cards are drawn from an ordinary deck of 52 cards. Find the probability that (a) all cards are of one suit,
(b) at least 2 aces are drawn.

Find the probability that a bridge player is given 13 cards of which 9 cards are of one suit.

Miscellaneous problems

1.90.

1.91.

1.92.

1.93.

1.94.

1.95.

A sample space consists of 3 sample points with associated probabilities given by 2p, p2, and 4p — 1. Find the
value of p.

How many words can be made from 5 letters if (a) all letters are different, (b) 2 letters are identical, (c) all
letters are different but 2 particular letters cannot be adjacent?

Four integers are chosen at random between 0 and 9, inclusive. Find the probability that (a) they are all
different, (b) not more than 2 are the same.

A pair of dice is tossed repeatedly. Find the probability that an 11 occurs for the first time on the
6th toss.

What is the least number of tosses needed in Problem 1.93 so that the probability of getting an 11 will be
greater than (a) 0.5, (b) 0.95?

In a game of poker find the probability of getting (a) a royal flush, which consists of the ten, jack, queen, king,
and ace of a single suit; (b) a full house, which consists of 3 cards of one face value and 2 of another (such as 3
tens and 2 jacks); (c) all different cards; (d) 4 aces.
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1.96.

1.97.

1.98.

1.99.

1.100.

1.101.

The probability that a man will hit a target is % If he shoots at the target until he hits it for the first time, find
the probability that it will take him 5 shots to hit the target.

(a) A shelf contains 6 separate compartments. In how many ways can 4 indistinguishable marbles be placed in
the compartments? (b) Work the problem if there are n compartments and » marbles. This type of problem
arises in physics in connection with Bose-Einstein statistics.

(a) A shelf contains 6 separate compartments. In how many ways can 12 indistinguishable marbles be
placed in the compartments so that no compartment is empty? (b) Work the problem if there are n
compartments and » marbles where » > n. This type of problem arises in physics in connection with
Fermi-Dirac statistics.

A poker player has cards 2, 3, 4, 6, 8. He wishes to discard the 8 and replace it by another card which he hopes
will be a 5 (in which case he gets an “inside straight”). What is the probability that he will succeed assuming
that the other three players together have (a) one 5, (b) two 5s, (c) three 5s, (d) no 5? Can the problem be
worked if the number of 5s in the other players’ hands is unknown? Explain.

Work Problem 1.40 if the game is limited to 3 tosses.

Find the probability that in a game of bridge (a) 2, (b) 3, (c) all 4 players have a complete suit.

ANSWERS TO SUPPLEMENTARY PROBLEMS

1.47.

1.48.

1.49.

1.50.

1.51.

1.52.

1.54.

(@)5/26 (b)5/36 (c)0.98 (d)2/9 (e)7/8

(a) Probability of king on first draw and no king on second draw.

(b) Probability of either a king on first draw or a king on second draw or both.

(c) No king on first draw or no king on second draw or both (no king on first and second draws).
(d) No king on first, second, and third draws.

(e) Probability of either king on first draw and king on second draw or no king on second draw and king on
third draw.

@1/3 03/5 ©11/15 @)2/5 ()4/5

()4/25 () 16/25 (e)11/15 (g) 104/225 (i) 6/25
(b)4/75 (d)64/225 (f)1/5  (h)221/225 (j)52/225

(a)29/185 (c) 118/185 (e) 11/15 (g)86/185  (i)9/37
()2/37  (d)52/185 (D 1/5  (h)182/185 (j)26/111

()3/10 (b)1/10 (¢)3/5  1.53. (a)1/2197 (b)1/17.576

1/3 1.55. 21/56 1.56. 21/31 1.57. 1/3 1.58. 14/57



1.59.

1.60.

1.63.

1.67.

1.70.

1.74.

1.77.

1.79.

1.80.

1.82.

1.83.

1.85.

1.87.

1.89.
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() 13X 13X 13 (b)13 X 12 X 26 1.61. 8 1.62. (a) 12 (b) 2520 (c) 720
n=>5 1.64. 60 1.65. (a) 5040 (b) 720 (c) 240 1.66. (a) 8400 (b) 2520
(a) 32,805 (b) 11,664 1.68. 26 1.69. (a) 120 (b)72 (c) 12

(@10 ()70 (c)45 1.71. n=16 1.72. 210 1.73. 840

(a) 42,000 (b) 7000 1.75. (a) 120 (b) 2520 1.76. (a) 150 (b)45 (c) 100
()17 (b) 163 1.78. (a)20 (b)330 (c) 14/99

(a) x6 + 6x5y + 15x4y2 + 20x3y3 + 15x2y3 + 6xy> + yo
(b) x* — 4x3y + 6x2y2 — 4xy3 + y4
(©) x5 —5x3+ 10x — 10x1 + 5x3 — x5

(d) x8 + 8x6 + 24x4 + 32x2 + 16

2016 181 (a)5/18 (b)11/36 (c)1/36

(a)47/52 (b)16/221 (c)15/34 (d)13/17 (e)210/221 (f)10/13 (g)40/51 (h)77/442
5/18  1.84. (a)81:44 (b)21:4

(@) G3CD(3C) (3G (130D /2C13 - (D) 4/5,C15 1.86. (sC3)(5Cr)/14Cs

(@91/216 (b)atleast17  1.88. @4 - 13C5C; (1) (Cy * 45Ci+4C3)/5:Cs

4(5C)(6C)/Cis  1.90. V11 =3 191 (a) 120 (b)60 (c) 72
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1.92. (a) 63/125 (b)963/1000  1.93. 1,419.857/34,012.224  1.94. (a) 13 (b) 53
1.95. (a)4/5,Cs  (b) (13)(2)(4)(6)/5:Cs  (€) 4° (15C5)/5,Cs  (d) (S)(H(3)(2)/(52)(51)(50)(49)
1.96. 2/243  197. (a)126 (b),., ,C,, 198. @462 (b),_,C,_,

1.99. ()3/32 (b)1/16 (c)1/32 (d)1/8

1.100. prob. A wins = 61,216, prob. B wins = 5/36, prob. of tie = 125/216

L101. (2) 12/(C13)(9C13) - (b) 24/(5:C13)(30C13)(26C 1)



Random Variables and
Probability Distributions

Random Variables

Suppose that to each point of a sample space we assign a number. We then have a function defined on the sam-
ple space. This function is called a random variable (or stochastic variable) or more precisely a random func-
tion (stochastic function). It is usually denoted by a capital letter such as X or Y. In general, a random variable
has some specified physical, geometrical, or other significance.

EXAMPLE 2.1 Suppose that a coin is tossed twice so that the sample space is S = {HH, HT, TH, TT}. Let X represent
the number of heads that can come up. With each sample point we can associate a number for X as shown in Table 2-1.
Thus, for example, in the case of HH (i.e., 2 heads), X = 2 while for TH (1 head), X = 1. It follows that X is a random
variable.

Table 2-1
Sample Point HH HT TH T
X 2 1 1 0

It should be noted that many other random variables could also be defined on this sample space, for example, the
square of the number of heads or the number of heads minus the number of tails.

A random variable that takes on a finite or countably infinite number of values (see page 4) is called a dis-
crete random variable while one which takes on a noncountably infinite number of values is called a nondiscrete
random variable.

Discrete Probability Distributions

Let X be a discrete random variable, and suppose that the possible values that it can assume are given by x,, x,,
X3, . . ., arranged in some order. Suppose also that these values are assumed with probabilities given by

PX=x)=fx) k=12 ... (1)

It is convenient to introduce the probability function, also referred to as probability distribution, given by
PX = x) = f(x) (2)

For x = x,, this reduces to (1) while for other values of x, f(x) = 0.
In general, f(x) is a probability function if

1. f)=0
2. D fk) =1

where the sum in 2 is taken over all possible values of x.
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EXAMPLE 2.2 Find the probability function corresponding to the random variable X of Example 2.1. Assuming that

the coin is fair, we have

P(HH) = %

Then

P(X = 0) = P(TT) = i

P(HT) = %

P(TH) = %

P(TT) = %

P(X = 1) = P(HT UTH) = P(HT) + P(TH) = % +

P(X = 2) = P(HH) = i

The probability function is thus given by Table 2-2.

Table 2-2
X 0 1 2
fx) 1/4 1/2 1/4

Distribution Functions for Random Variables

ENE

N[ —

The cumulative distribution function, or briefly the distribution function, for a random variable X is defined by

F(x)=PX=x)

where x is any real number, i.e., —o0 < x << o,
The distribution function F(x) has the following properties:

1. F(x) is nondecreasing [i.e., F(x) = F(y)ifx = y].
2. x]_l)rpr(x) = O;I,EHLF()C) = 1.
3. F(x) is continuous from the right [i.e., hlir(1)1+ F(x + h) = F(x) for all x].

Distribution Functions for Discrete Random Variables

3

The distribution function for a discrete random variable X can be obtained from its probability function by noting

that, for all x in (—o0, ),

Fx) = PX =x) = > f(u)

U=x

where the sum is taken over all values u taken on by X for which u = x.

If X takes on only a finite number of values x, x,, . . .,

EXAMPLE 2.3 (a) Find the distribution function for the random variable X of Example 2.2. (b) Obtain its graph.

(a) The distribution function is

0
Sflxp)

Fx) = ) + f(xy)

—o < x <X

X

X

fO)+ -t fx)  x,

F(x) =

—_— W=

—0 < x<0
0=x<1

=

=

I

1l=x<?2
2 =x<®

x <X,
x < X3

x < o

x,,, then the distribution function is given by

“

&)
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(b) The graph of F(x) is shown in Fig. 2-1.

F(x)
L
I
! 1
|
;7 I
4 I
I
I
I
il Pl
2 |
I
I
[
4
1
4
| |
0 1 2 X

Fig. 2-1

The following things about the above distribution function, which are true in general, should be noted.

1. The magnitudes of the jumps at 0, 1, 2 are %, %, i which are precisely the probabilities in Table 2-2. This fact
enables one to obtain the probability function from the distribution function.

2. Because of the appearance of the graph of Fig. 2-1, it is often called a staircase function or step function.
The value of the function at an integer is obtained from the higher step; thus the value at 1 is % and not i. This
is expressed mathematically by stating that the distribution function is continuous from the right at 0, 1, 2.

3. As we proceed from left to right (i.e. going upstairs), the distribution function either remains the same or
increases, taking on values from 0 to 1. Because of this, it is said to be a monotonically increasing function.

It is clear from the above remarks and the properties of distribution functions that the probability function of
a discrete random variable can be obtained from the distribution function by noting that

fx) = F) = lim Fu. (®)

Continuous Random Variables

A nondiscrete random variable X is said to be absolutely continuous, or simply continuous, if its distribution func-
tion may be represented as

Fx) = PX=x) = JX fwydu (=% <x <) (N

where the function f(x) has the properties

1. fx)=0
2. J’Oc f)dx =1

It follows from the above that if X is a continuous random variable, then the probability that X takes on any
one particular value is zero, whereas the interval probability that X lies between two different values, say, a and b,
is given by

b
Pla<X<b) = J fx)dx (8)
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EXAMPLE 2.4 If an individual is selected at random from a large group of adult males, the probability that his height
X is precisely 68 inches (i.e., 68.000 . . . inches) would be zero. However, there is a probability greater than zero than X
is between 67.000 . . . inches and 68.500 . . . inches, for example.

A function f(x) that satisfies the above requirements is called a probability function or probability distribu-
tion for a continuous random variable, but it is more often called a probability density function or simply den-
sity function. Any function f(x) satisfying Properties 1 and 2 above will automatically be a density function, and
required probabilities can then be obtained from (8).

EXAMPLE 2.5 (a) Find the constant ¢ such that the function

100 cx? 0<x<3
x =
0 otherwise

is a density function, and (b) compute P(1 < X < 2).

(a) Since f(x) satisfies Property 1 if ¢ = 0, it must satisfy Property 2 in order to be a density function. Now

£ 3 513
@dx = | ex?dx =S| =9
3
o o 0
and since this must equal 1, we have ¢ = 1/9.
(b) Pl<X<2) = 2lxzdx:xi -8 _ 1 _7
' 9 27, 21 21 27

In case f(x) is continuous, which we shall assume unless otherwise stated, the probability that X is equal
to any particular value is zero. In such case we can replace either or both of the signs < in (8) by =. Thus, in

Example 2.5,

P(1sst):P(lsx<2):P(1<XS2):P(1<X<2)=27—7

EXAMPLE 2.6 (a) Find the distribution function for the random variable of Example 2.5. (b) Use the result of (a) to
find P(1 <x=2).
(a) We have

F(x) = PX < x) = J " fwdu

If x <0, then F(x) = 0. If 0 = x < 3, then

Fo = | fude = | Liaw = 2
x) = | fwdu = 09u u =57

0

If x = 3, then

3 X 3 X
Fx) = Jf(u)du + Jf(u)du = J %uzdu + J Odu = 1
0 3 0

3

Thus the required distribution function is

0 x<0
Fx) = ¢x%/27 0=x<3
1 x=3

Note that F(x) increases monotonically from O to 1 as is required for a distribution function. It should also be noted
that F(x) in this case is continuous.
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(b) We have
Pl<X=2)=PX=2)—PX=1)
=F(2) — F()
_2_ P _ 7
27 27 27

as in Example 2.5.

The probability that X is between x and x + Ax is given by

Px=X=x+ Ax) = JHAXf(u)du ©)]
so that if Ax is small, we have approximately
Px=X=x+Ax) = f(0)Ax (10)
We also see from (7) on differentiating both sides that
dF(x)
o =1 (n

at all points where f(x) is continuous; i.e., the derivative of the distribution function is the density function.
It should be pointed out that random variables exist that are neither discrete nor continuous. It can be shown
that the random variable X with the following distribution function is an example.

0 x<1
F(x) = % l=x<2
1 x=2

In order to obtain (11), we used the basic property
41 fuydn = £ (12)
dx |,

which is one version of the Fundamental Theorem of Calculus.

Graphical Interpretations
If f(x) is the density function for a random variable X, then we can represent y = f(x) graphically by a curve as
in Fig. 2-2. Since f(x) = 0, the curve cannot fall below the x axis. The entire area bounded by the curve and the
x axis must be 1 because of Property 2 on page 36. Geometrically the probability that X is between a and b, i.e.,
P(a < X < b), is then represented by the area shown shaded, in Fig. 2-2.

The distribution function F(x) = P(X = x) is a monotonically increasing function which increases from 0 to
1 and is represented by a curve as in Fig. 2-3.

f(x) F(x)

1T T -

Fig. 2-2 Fig. 2-3
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Joint Distributions

The above ideas are easily generalized to two or more random variables. We consider the typical case of two ran-
dom variables that are either both discrete or both continuous. In cases where one variable is discrete and the other
continuous, appropriate modifications are easily made. Generalizations to more than two variables can also be
made.

1. DISCRETE CASE. If X and Y are two discrete random variables, we define the joint probability func-
tion of X and Y by

PX =x,Y=y) = fx,y) 13)
where 1. f(x,y) =0
2. 22 fley) =1
x oy
i.e., the sum over all values of x and y is 1.
Suppose that X can assume any one of m values x;, X,, . . . , X,, and Y can assume any one of n values y;, y,, . . ., -
Then the probability of the event that X = x; and Y = y, is given by
PX =x, Y =y) = f(x;, ) (14)

A joint probability function for X and Y can be represented by a joint probability table as in Table 2-3. The
probability that X = x; is obtained by adding all entries in the row corresponding to x; and is given by

PX = x) = fix) = 2 f(x. 5 (15)
k=1
Table 2-3
Y
e Totals
X M Y2 Yn |

X1 Sy Sy, y2) S JCer y) i)

X2 S, y1) J(x y) cee JC y) Ji(x)

Xm f('xm’ yl) f(xm’ y2) e f(xm’ yn) fl ('xm)
Totals — L) L) . LW 1 <« Grand Total
Forj=1,2,...,m,these are indicated by the entry totals in the extreme right-hand column or margin of Table 2-3.

Similarly the probability that ¥ = y, is obtained by adding all entries in the column corresponding to y, and is
given by

P(Y = y) = Hy) = 2 f(x, ) (16)
j=1

Fork=1,2,...,n, these are indicated by the entry totals in the bottom row or margin of Table 2-3.
Because the probabilities (15) and (16) are obtained from the margins of the table, we often refer to
fi(x)) and f5(y,) [or simply f(x) and f,(y)] as the marginal probability functions of X and Y, respectively.
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It should also be noted that

2R =1 2hHGY=1 (17)
j=1 k=1
which can be written
> kEf(xj, v =1 (18)
j=1k=1

This is simply the statement that the total probability of all entries is 1. The grand total of 1 is indicated in the
lower right-hand corner of the table.
The joint distribution function of X and Y is defined by

F,y) =PX=x, Y=y = > >fu,v) (19)

U=X V=Y
In Table 2-3, F(x, y) is the sum of all entries for which x; = x and y, = y.

2. CONTINUOUS CASE. The case where both variables are continuous is obtained easily by analogy with
the discrete case on replacing sums by integrals. Thus the joint probability function for the random vari-
ables X and Y (or, as it is more commonly called, the joint density function of X and Y) is defined by

L. f(x,y) =0
Z.J j fC, yydxdy = 1

Graphically z = f(x, y) represents a surface, called the probability surface, as indicated in Fig. 2-4. The total vol-
ume bounded by this surface and the xy plane is equal to 1 in accordance with Property 2 above. The probability
that X lies between a and b while Y lies between c and d is given graphically by the shaded volume of Fig. 2-4 and
mathematically by

b (d
Pa<X<bc<Y<d)= J J f(x, y)dxdy (20)

y=c

X=a

i ' |

Fig. 2-4

More generally, if A represents any event, there will be a region %, of the xy plane that corresponds to it. In such
case we can find the probability of A by performing the integration over R, i.e.,

PA) = ”f(x, y)dxdy @1

7,

The joint distribution function of X and Y in this case is defined by

Fx,y) =PX=x,Y=y) = JX ﬁ f(u, v)dudv (22)

u=—-o)p=—ow
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It follows in analogy with (11), page 38, that

9*F
dx dy

=fxy) (23)

i.e., the density function is obtained by differentiating the distribution function with respect to x and y.
From (22) we obtain

PX<x) =Fx) = J Jm f(u, v)dudv (24)
. [y
PY=<y) = Fyy) = j _mJ fwv)dudv (25)

We call (24) and (25) the marginal distribution functions, or simply the distribution functions, of X and Y, respec-
tively. The derivatives of (24) and (25) with respect to x and y are then called the marginal density functions, or
simply the density functions, of X and Y and are given by

o 0

fx,vydv - fy(y) = J Ju, y)du (26)

u=—oo

fiko) = J

p=—

Independent Random Variables

Suppose that X and Y are discrete random variables. If the events X = x and Y = y are independent events for all
x and y, then we say that X and Y are independent random variables. In such case,

PX=x,Y=y)=PX=xPY =Yy 27)
or equivalently

Jy) = H0AD) (28)

Conversely, if for all x and y the joint probability function f(x, y) can be expressed as the product of a function
of x alone and a function of y alone (which are then the marginal probability functions of X and Y), X and Y are
independent. If, however, f(x, y) cannot be so expressed, then X and Y are dependent.

If X and Y are continuous random variables, we say that they are independent random variables if the events
X = x and Y = y are independent events for all x and y. In such case we can write

PX=x,Y=y)=PX=x)P(Y=Yy) (29)

or equivalently

Fx, y) = Fi(x)Fy(y) (30)

where F(z) and F,(y) are the (marginal) distribution functions of X and Y, respectively. Conversely, X and Y are
independent random variables if for all x and y, their joint distribution function F(x, y) can be expressed as a prod-
uct of a function of x alone and a function of y alone (which are the marginal distributions of X and Y, respec-
tively). If, however, F(x, y) cannot be so expressed, then X and Y are dependent.

For continuous independent random variables, it is also true that the joint density function f(x, y) is the prod-
uct of a function of x alone, f|(x), and a function of y alone, f,(y), and these are the (marginal) density functions
of X and Y, respectively.

Change of Variables

Given the probability distributions of one or more random variables, we are often interested in finding distribu-
tions of other random variables that depend on them in some specified manner. Procedures for obtaining these
distributions are presented in the following theorems for the case of discrete and continuous variables.
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1. DISCRETE VARIABLES

Theorem 2-1 Let X be a discrete random variable whose probability function is f(x). Suppose that a discrete
random variable U is defined in terms of X by U = ¢(X), where to each value of X there corre-
sponds one and only one value of U and conversely, so that X = {s(U). Then the probability func-
tion for U is given by

gw) = flu)] 3D

Theorem 2-2 Let X and Y be discrete random variables having joint probability function f(x, y). Suppose that
two discrete random variables U and V are defined in terms of X and Y by U = ¢(X, Y), V =
&, (X, Y), where to each pair of values of X and Y there corresponds one and only one pair of val-
ues of U and V and conversely, so that X = ,(U, V), Y = {,(U, V). Then the joint probability
function of U and V is given by

g(u, v) = f,(u, v), P,(u, V)] (32)

2. CONTINUOUS VARIABLES
Theorem 2-3 Let X be a continuous random variable with probability density f(x). Let us define U = ¢$(X)
where X = (U) as in Theorem 2-1. Then the probability density of U is given by g(x) where

g(w)ldul = f(x)ldx| (33)
dx
du

or gu) = f(x) = fly )|y’ (34)

Theorem 2-4 Let X and Y be continuous random variables having joint density function f(x, y). Let us define
U=¢,X,Y),V=0¢,X,Y) where X = ,(U, V), Y = (U, V) as in Theorem 2-2. Then the
joint density function of U and V is given by g(u, v) where

g(u, v)ldu dvl = f(x, y)ldx dyl (35)
_ o, |
or 8w ) = V|G| = 1 v, e, vI|J] (36)

In (36) the Jacobian determinant, or briefly Jacobian, is given by

ax ax

A, y) |ou v

S 0w ) | gy ay (37
0w

Probability Distributions of Functions of Random Variables

Theorems 2-2 and 2-4 specifically involve joint probability functions of two random variables. In practice one
often needs to find the probability distribution of some specified function of several random variables. Either of
the following theorems is often useful for this purpose.

Theorem 2-5 Let X and Y be continuous random variables and let U = ¢,(X, Y), V = X (the second choice is
arbitrary). Then the density function for U is the marginal density obtained from the joint den-
sity of U and V as found in Theorem 2-4. A similar result holds for probability functions of dis-
crete variables.

Theorem 2-6 Let f(x, y) be the joint density function of X and Y. Then the density function g(u) of the
random variable U = ¢ (X, Y) is found by differentiating with respect to u the distribution
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function given by

G(u) = Pl¢,(X,Y) = u] = Hf(x, y)dxdy (38)
%
Where R is the region for which ¢,(x, y) = u.

Convolutions

As a particular consequence of the above theorems, we can show (see Problem 2.23) that the density function of
the sum of two continuous random variables X and Y, i.e., of U = X + Y, having joint density function f(x, y) is
given by

gw) = r SO, u — x)dx (39)

In the special case where X and Y are independent, f(x, ¥) = f; (x)f,(y), and (39) reduces to

g = f 00 o = x)dx (40)

which is called the convolution of f; and f,, abbreviated, f; * f,.
The following are some important properties of the convolution:
L fixh=hHh*f
2 fix a2 f) = (haf)*f
S hxh+R =h*hLt xS

These results show that f}, f, f; obey the commutative, associative, and distributive laws of algebra with respect
to the operation of convolution.

Conditional Distributions
We already know that if P(A) > O,

PBlA) = P(ANB) 11
( | ) - P(A) ( )
If X and Y are discrete random variables and we have the events (A: X = x), (B: Y = y), then (41) becomes
G, y)
PY=y|X= = 42
v =ylx=v="25 42)

where f(x, y) = P(X = x, Y = y) is the joint probability function and f] (x) is the marginal probability function

for X. We define

(. y)
[ix)

and call it the conditional probability function of Y given X. Similarly, the conditional probability function of X
given Yis

fln = (43)

flxly) = (44)

We shall sometimes denote f(x|y) and f(y|x) by f, (x| y) and £, ( y| x), respectively.
These ideas are easily extended to the case where X, Y are continuous random variables. For example, the con-
ditional density function of Y given X is

fO,y)
i)

fylx) = (45)
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where f(x, y) is the joint density function of X and Y, and f] (x) is the marginal density function of X. Using (45)
we can, for example, find that the probability of Y being between ¢ and d given that x < X < x + dx is

d
P(c<Y<d|x<X<x+dx)=jf(y|x)dy (46)

Generalizations of these results are also available.

Applications to Geometric Probability

Various problems in probability arise from geometric considerations or have geometric interpretations. For ex-
ample, suppose that we have a target in the form of a plane region of area K and a portion of it with area K|, as
in Fig. 2-5. Then it is reasonable to suppose that the probability of hitting the region of area K| is proportional
to K. We thus define

O

Fig. 25

K
P(hitting region of area K;) = ?1 “47)
where it is assumed that the probability of hitting the target is 1. Other assumptions can of course be made. For
example, there could be less probability of hitting outer areas. The type of assumption used defines the proba-
bility distribution function.

SOLVED PROBLEMS

Discrete random variables and probability distributions

2.1. Suppose that a pair of fair dice are to be tossed, and let the random variable X denote the sum of the points.
Obtain the probability distribution for X.

The sample points for tosses of a pair of dice are given in Fig. 1-9, page 14. The random variable X is the sum of
the coordinates for each point. Thus for (3, 2) we have X = 5. Using the fact that all 36 sample points are equally
probable, so that each sample point has probability 1/36, we obtain Table 2-4. For example, corresponding to X = 5,
we have the sample points (1, 4), (2, 3), (3, 2), (4, 1), so that the associated probability is 4/36.

Table 2-4
x| 2 3 4 5 6 7 8 9 10 11 12
| 1/36 | 2/36 | 3/36 | 4/36 | 5/36 | 6/36 | 5/36 | 4/36 | 3/36 | 2/36 | 1/36
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2.2. Find the probability distribution of boys and girls in families with 3 children, assuming equal probabilities
for boys and girls.

Problem 1.37 treated the case of n mutually independent trials, where each trial had just two possible outcomes,
A and A’, with respective probabilities p and ¢ = 1 — p. It was found that the probability of getting exactly x A’s
in the n trials is ,C, p* g"~*. This result applies to the present problem, under the assumption that successive births
(the “trials”) are independent as far as the sex of the child is concerned. Thus, with A being the event “a boy,” n = 3,
andp = g = %, we have

P(exactlyx boys) = P(X = x) = 3CX(%>X(%>37X = 3@(%)3

where the random variable X represents the number of boys in the family. (Note that X is defined on the
sample space of 3 trials.) The probability function for X,

- (LY
@ =1¢.(3)
is displayed in Table 2-5.

Table 2-5

x 0 1 2 3
oo | 1/8 | 3/8 | 3/8 | 1/8

Discrete distribution functions

2.3. (a) Find the distribution function F(x) for the random variable X of Problem 2.1, and (b) graph this distri-
bution function.

(a) We have F(x) = P(X = x) = X,=.f(u). Then from the results of Problem 2.1, we find

0 —o < x <2
1/36 2=x<3
3/36 3=x<4
F(x) = €6/36 4 =x<5
35/36 11 = x< 12
1 R==x<owx
(b) See Fig. 2-6.
F(x)

s - —
33/36 |- —
30/36 |- —_—

27/36 |

24/36 |- !

21/36 | —_—

18/36 |- !

15/36 |- —_—

12136 |- |

9/36 |- —

6/36 - ‘_I

3/36 |- [R—

2 3 4 5 6 7 8 9 10 11 12 x

Fig. 2-6

2.4. (a) Find the distribution function F(x) for the random variable X of Problem 2.2, and (b) graph this distri-
bution function.
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(a) Using Table 2-5 from Problem 2.2, we obtain

0 -0 < x <0
1/8 0=x<1
Fx) = 1/2 1=x<2
7/8 2=x<3
1 3=x< ®

(b) The graph of the distribution function of (a) is shown in Fig. 2-7.

F(x)
1+ f
|
78 | —_—
|
68 | !
s5/8 |
|
48| —_—
|
38| !
28 | i
18 —_—
1 I Il Il
0 1 2 3 X
Fig. 2-7

Continuous random variables and probability distributions

2.5. A random variable X has the density function f(x) = ¢/(x2 + 1), where —o < x < . (a) Find the value of
the constant c. (b) Find the probability that X2 lies between 1/3 and 1.

)]

=X=lor—-1=X= —é. Thus the required probability is

%0

(a) We must havef f)dx = 1,ie.,

Y cdx 4
> =ctan 'Xx
e |

sothatc = 1/m.

“[%

(b) If % = X? = 1, then either

3

L LY a2 ax

™ x2+1+7 - 2+1 7 x2+ 1
V3/3

T
V3/3
% |:tan “I(1) — tan 1<\§§>:|

_2(m _@m\_1
m\4 6 6

2.6. Find the distribution function corresponding to the density function of Problem 2.5.

F(x) = J fwdu = 717J uzdj_t 1 = 7£.|:tan'u|x_oc}

[tan 'x — tan "}(—o0)] = 71.|:tan“x + g:|

=

1 -1
+ 77 tan "' x

N[ —
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2.7. The distribution function for a random variable X is

F()_{l—e‘zx x=0
* 0 x <0

Find (a) the density function, (b) the probability that X > 2, and (c) the probability that —3 < X < 4.

(a) ()—dF<>—{262X">0

a FO =5 F0 =% <o

(b) PX>2) = J Qe ddu = —e~2|, = e~
2

Another method

By definition, P(X = 2) = F(2) = 1 — e*. Hence,
PX>2)=1—-(1—e 4 =¢4

4 0 4
P(—3 < X= 4 = J fwdu = J 0du + J 2e 2 du

(© -3 -3 0
4

— —,2u - — 5,8
e 0 1—e

Another method
P(3<X=4)=PX=4)—PX=-3)
=F4) — F(—3)
=1—-e®)—-0)=1—¢8

Joint distributions and independent variables

2.8. The joint probability function of two discrete random variables X and Y is given by f(x, y) = ¢(2x + y), where
x and y can assume all integers such that 0 = x = 2,0 =y = 3, and f(x, y) = 0 otherwise.

(a) Find the value of the constant c. (c) FindPX=1,Y=2).
() Find PX=2,Y=1).

(a) The sample points (x, y) for which probabilities are different from zero are indicated in Fig. 2-8. The
probabilities associated with these points, given by ¢(2x + y), are shown in Table 2-6. Since the grand total,
42¢, must equal 1, we have ¢ = 1/42.

Table 2-6
Totals

x Y 0 1 2 3 f

0 0 ¢ 2¢ 3¢ 6¢ g

3 L] [ ]

1 2¢ 3¢ 4c 5¢ 14c¢ ) . °

2 4c 5¢ 6¢ Tc 22¢ I ° °
Totals — 6¢ 9¢ 12¢ 15¢ 42¢ 0 i S«

Fig. 2-8

(b) From Table 2-6 we see that

PX=2Y=1 = 5 + =
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(c) From Table 2-6 we see that

> 2 )

PX=1,Y=2)

x=1y=2
= (2c + 3¢ + 4¢)(4c + 5¢ + 6¢)
_ _24_4
=He=p =7

as indicated by the entries shown shaded in the table.
2.9. Find the marginal probability functions (a) of X and (b) of Y for the random variables of Problem 2.8.

(a) The marginal probability function for X is given by P(X = x) = fi(x) and can be obtained from the margin
totals in the right-hand column of Table 2-6. From these we see that

6¢c = 1/7 x=0

PX =x) =fiix) = {l4c=1/3 x=1

22¢ = 11/21 x=2
1.1 11 _
Check.7-|—3-|—21 1

(b) The marginal probability function for Y is given by P(Y = y) = f,(y) and can be obtained from the margin
totals in the last row of Table 2-6. From these we see that

6c=1/7 y=20
9 =3/14 y =1
P(Y = y) = fly) = 126:2% )
15¢ = 5/14 y =3

1 3 2 5 _
Check.7+ﬁ+7+ﬁ—l

2.10. Show that the random variables X and Y of Problem 2.8 are dependent.
If the random variables X and Y are independent, then we must have, for all x and y,
PX =x,Y =y = PX =xPY =y)

But, as seen from Problems 2.8(b) and 2.9,

_ 1y = 2 — oy - 1l — 1y = 3
PX=2Y=1)=2 PX=2=5 PY¥=1D=g
so that PX=2Y=1) # PX=2PY = 1)

The result also follows from the fact that the joint probability function (2x + y)/42 cannot be expressed as a
function of x alone times a function of y alone.

2.11. The joint density function of two continuous random variables X and Y is

) {cxy 0<x<41<y<5
X, = .

% 0 otherwise
(a) Find the value of the constant c. (¢) Find PX =3,Y =2).

(b) Find P(1 <X <2,2 <Y <3).

(a) We must have the total probability equal to 1, i.e.,

J“’ J“ S, y)dxdy =1
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Using the definition of f(x, y), the integral has the value

J4 4[5
x=0Jy=1

cxy dxdy

4 5
x=0 y=1

2|5 4
dx = ¢
y=1 xr=

4

Xy

25x _ x
0< > 2>dx

= 96¢

x=0

4
= C
x=

12xdx = c(6x?)
0

Then 96¢ = 1 and ¢ = 1/96.

(b) Using the value of ¢ found in (a), we have

Pl <X<22<Y<3)

©

)
= —dx
x=1 y=296 Y
_1L [P w2
a 96JX1|:JyZWdy:|dx 96Jx1 2 y=2
_ L[ sx, o5 (@) _ 5
9% .-, 2 192\ 2 | 128
4 2 xy
PX=3,Y=2)= —~—dxdy
x=3 y:lg6
1 4 Jz } 1 r xy2 2
= — xydy |dx = — —| dx
96J;—3[ y=1 y 96 x=3 2 y=1

_ [t T
96,52 128

2.12. Find the marginal distribution functions (a) of X and (b) of Y for Problem 2.11.

(a) The marginal distribution function for X if 0 = x <4 is

Forx =4, F\(x) =

X

Fi(x) = PX<x) = J

r f(u, v)dudv

u=—m

X 5
uv
— dudv
L—oL—l 96

_ 1 X 5 d d _ x2
= %], v:1uvv T
1; for x <0, F;(x) = 0. Thus
0 x<0
Fi(x) =4x¥% 0=x<4
1 x=4

As F, (x) is continuous at x = 0 and x = 4, we could replace < by = in the above expression.
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(b) The marginal distribution function for Yif | =y <S5 is

o Y
F)y) =P¥ =y = J J flu, v)dudv

u=—oJo=1
4 [y 2 —1
_ w Y
- JOJ 96 M4V =34

Fory =5, Fy(y) = 1.Fory < 1, F,(y) = 0. Thus

0 y<l1
F(n)=490?—-1/24 1=y<5
1 yZS

As F,(y) is continuous aty = 1 and y = 5, we could replace < by = in the above expression.
2.13. Find the joint distribution function for the random variables X, Y of Problem 2.11.

From Problem 2.11 it is seen that the joint density function for X and Y can be written as the product of a
function of x alone and a function of y alone. In fact, f(x, y) = f;(x)f5(»), where

cx 0 <x<4
0  otherwise

6y 1 <y<S5
0 otherwise

hix) = { Ly = {

and ¢,c, = ¢ = 1/96. It follows that X and Y are independent, so that their joint distribution function is given by
F(x, y) = F,(x)F,(y). The marginal distributions F,(x) and F,(y) were determined in Problem 2.12, and Fig. 2-9
shows the resulting piecewise definition of F(x, y).

2.14. In Problem 2.11 find P(X + Y < 3).

Yy
F(x,»)=0 | Fx,y)= F(x,y)=1
x2
16
y=5
- F(x,y) = e
F(x,»)=0 Fx2(2 - 1) F(x,p) = —57
- (16)(24) y=1
X
F(x,»)=0 F(x,y)=0 F(x,»)=0
x=4
Fig. 2-9

In Fig. 2-10 we have indicated the square region 0 < x < 4, 1 <y < 5 within which the joint density
function of X and Y is different from zero. The required probability is given by

PX +Y <3 = ﬂ fx, y)dxdy
)



CHAPTER 2 Random Variahles and Probability Distributions

where QR is the part of the square over which x + y < 3, shown shaded in Fig. 2-10. Since f(x, y) = xy/96
over R, this probability is given by

2 3—x
Xy
—dxd
Liﬂ% Y
1 2 3—x
:96J’ o|:j 1)cydy:|dx
X= y=

0 N 'l P U 2 _ 1
96L_0 2| &= 192L_0[”(3 Al =g

y=1

Fig. 2-10

Change of variables
2.15. Prove Theorem 2-1, page 42.

The probability function for U is given by
gw) = P(U = u) = P[$p(X) = u] = P[X = )] = flPpw)]
In a similar manner Theorem 2-2, page 42, can be proved.
2.16. Prove Theorem 2-3, page 42.

Consider first the case where u = ¢(x) or x = i(u) is an increasing function, i.e., u increases as x increases
(Fig. 2-11). There, as is clear from the figure, we have

(1 Pu, <U<uy) =Px; <X<ux
or
@) J‘g(u)du = f‘f(x)dx
u
Uy
u, TTu=gEor
N
X X, X

Fig. 2-11
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2.18.

2.19.
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Letting x = ¢s(u) in the integral on the right, (2) can be written

J “gwdu = J P @)1 () du

u

This can hold for all u#, and u, only if the integrands are identical, i.e.,

8Gw) = LY’ (u)

This is a special case of (34), page 42, where ¢'(1) > 0 (i.e., the slope is positive). For the case where
Y'(u) = 0, i.e., uis a decreasing function of x, we can also show that (34) holds (see Problem 2.67). The
theorem can also be proved if '(1) = 0 or () < 0.

Prove Theorem 2-4, page 42.

We suppose first that as x and y increase, u and v also increase. As in Problem 2.16 we can then show that

Pluy <U<up, v, <V<2y) =Py <X <uxpy <Y<y

or JMZJUZ g(u, v)ydudv = r jyzf(x, y)dxdy

v, J v, xJ oy
Letting x = ¢, (4, v), y = ,(u, v) in the integral on the right, we have, by a theorem of advanced calculus,
J ‘ J g, v)dudv = J f I (s ), Yo, V)1 dudv

_ 0 y)
o, v)

where

is the Jacobian. Thus

g(u, v) = flih,(u, v), Py(u, V)}J
which is (36), page 42, in the case where J > 0. Similarly, we can prove (36) for the case where J < 0.

The probability function of a random variable X is

2% =1,2,3,...
f(x>={ *

0 otherwise

Find the probability function for the random variable U = X* + 1.

Since U = X* + 1, the relationship between the values u and x of the random variables U and X is given by
u=x*+1lorx = Vu — 1, where u = 2,17, 82, . . . and the real positive root is taken. Then the required
probability function for U is given by

@ {2V" oy =2,17,82,...
u =

& 0 otherwise

using Theorem 2-1, page 42, or Problem 2.15.

The probability function of a random variable X is given by

x/81 —-3<x<6
0 otherwise

f(X)={

Find the probability density for the random variable U = %(12 - X).
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We have u = %(12 — x) or x = 12 — 3u. Thus to each value of x there is one and only one value of u and
conversely. The values of u corresponding to x = —3 and x = 6 are u = 5 and u = 2, respectively. Since
Y'(u) = dx/du = =3, it follows by Theorem 2-3, page 42, or Problem 2.16 that the density function for U is

(12 = 3u)?/27 2<u<S5
gw) = .
0 otherwise

2= 3w (2= 3upfs

Check: L 77 243

2

2.20. Find the probability density of the random variable U = X2 where X is the random variable of
Problem 2.19.

We have u = x* or x = = Vu. Thus to each value of x there corresponds one and only one value of u, but to
each value of u # 0 there correspond two values of x. The values of x for which —3 < x < 6 correspond to
values of u for which 0 = u < 36 as shown in Fig. 2-12.

As seen in this figure, the interval —3 < x = 3 corresponds to 0 = u = 9 while 3 < x < 6 corresponds to
9 < u < 36. In this case we cannot use Theorem 2-3 directly but can proceed as follows. The distribution
function for U is

G(u) = P(U=u)

Now if 0 = u = 9, we have

G(u)

PU=u=PX=<u)=P(—Vu=X=Vu

Vu
J;\fu fx)dx

Fig. 2-12

Butif 9 < u < 36, we have

“ F(x)dx

Gu) = PU=<u) = P(-3<X<Vu= J73
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Since the density function g(u) is the derivative of G(u), we have, using (12),

fVu) + f(=Vu

O0=u=9
2Vu !
gw) = {f(Vu)
— 9 <u<36
2Vu !
0 otherwise

Using the given definition of f(x), this becomes

Vu/8l 0=u=9
gw) = { Vu/162 9 <u <36

0 otherwise
Check:
o 36 3/2 |9 3/2 |36
0 9 0 9
If the random variables X and Y have joint density function
x9/96 0<x<4,1<y<5
fly) = { 0 / :
otherwise

(see Problem 2.11), find the density function of U = X + 2Y.

Method 1

Let u = x + 2y, v = x, the second relation being chosen arbitrarily. Then simultaneous solution
yieldsx = v,y = %(u — v). Thus the region 0 < x < 4, 1 <y <5 corresponds to the region 0 < v < 4,
2 < u — v < 10 shown shaded in Fig. 2-13.

v

/

Fig. 2-13
The Jacobian is given by

ox  ax
u Jv
T ey o
du v
0 1
= _1
2 2
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Then by Theorem 2-4 the joint density function of U and V is

vu—0)/384 2<u—-—v<10,0<v<4
0 otherwise

glu,v) = {

The marginal density function of U is given by

“=2p(u — v)

. 384 dv 2 <u<6

&) =

4 _
J Mdv 6<u<1l10
f dv 10<u<14
0

otherwise

as seen by referring to the shaded regions 7, I, III of Fig. 2-13. Carrying out the integrations, we find

(0 — 22 + 4)/2304 2<u<6
Gu — 8)/144 6<u<10

$100 =Y Gagu — w3 — 2128)/2304 10 < u < 14
0 otherwise

A check can be achieved by showing that the integral of g, (u) is equal to 1.

Method 2
The distribution function of the random variable X + 2Y is given by

X
POX +2Y = u) = ﬂ £, y)ydxdy = ﬂ %dxdy
x+2y=u x+2y=u
0<x<4
I<y<5§

For 2 < u < 6, we see by referring to Fig. 2-14, that the last integral equals

u—2 (u—x)/2xy w—2 X(M _ x)z X
[l = [ - g

The derivative of this with respect to u is found to be (u — 2)2(u + 4)/2304. In a similar manner we can obtain
the result of Method 1 for 6 < u < 10, etc.

y v
\ u=v
2
\ <
Tx
SN 2 =64u
\\l{ B
\\\ | %10 i
N~ \15
~ 14
SO w
< 2N
SS -6
! ! ! u
Z/§2 \ X

Fig. 2-14 Fig. 2-15
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2.22. If the random variables X and Y have joint density function

xy/9%6 0<x<4,1<y<5
0 otherwise

flxy) = {

(see Problem 2.11), find the joint density function of U = XY2, V = X2?Y.

Consider u = xy2, v = x2y. Dividing these equations, we obtain y/x = u/v so that y = ux/v. This leads to

the simultaneous solution x = v28 i ~18, y = 28 v ~15. The image of 0 < x <4, 1 <y < 5 in the uv-plane is
given by

0 <vu-13<4 1 < uBo-13<5
which are equivalent to
v2 < 64u v < u?<125v

This region is shown shaded in Fig. 2-15.
The Jacobian is given by

1 2
——02/37,—4/3 =p—1/3;,—1/3
3v/u / 3V Bu—1/

J = = _lufz/sv—z/s
zu—'/3v—1/3 _1 w23p—4/3 3
3 3
Thus the joint density function of U and V is, by Theorem 2-4,

(VY3u—1/3)(u2/3v-1/3)

(%u*2/3v*2/3) 02 < 6du,v < u? < 125v

gu,v) = 96
0 otherwise
u-13p-13/288 2 < 64u, v <u? <1250
or g(u,v) = .
0 otherwise

Convolutions

2.23. Let X and Y be random variables having joint density function f(x, y). Prove that the density function of
U=X+Yis

g(uw) = Jm f(v,u — v)dv

Method 1
Let U = X + Y, V = X, where we have arbitrarily added the second equation. Corresponding to these we have
u=x+y,v=xorx=v,y=u—v. The Jacobian of the transformation is given by

Ix Ox
Ju v 0 1
J= = = 1
ay oy -
du ov

Thus by Theorem 2-4, page 42, the joint density function of U and V is
8w, v) = f(v,u — v)

It follows from (26), page 41, that the marginal density function of U is

gu) = r f,u —v)dv
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2.24.

2.25.

Method 2
The distribution function of U = X + Y is equal to the double integral of f(x, y) taken over the region defined
byx+y=uie,

Gu) = ﬂ fx, ) dxdy

xty=u

Since the region is below the line x + y = u, as indicated by the shading in Fig. 2-16, we see that

o= U_mﬂx,y)ddex

y

N\

Fig. 2-16

The density function of U is the derivative of G (1) with respect to « and is given by

gu) = r S u = x)dx

using (12) first on the x integral and then on the y integral.

Work Problem 2.23 if X and Y are independent random variables having density functions f;(x), f,(y),
respectively.

In this case the joint density function is f(x, y) = f,(x) f,(¥), so that by Problem 2.23 the density function
of U=X+7Yis

s = [ s - o = o

which is the convolution of f, and f,.

If X and Y are independent random variables having density functions
Flo = {262" x=0 A0 = {363y y=0
i 0 x<0 2 0 y<0

find the density function of their sum, U = X + Y.

By Problem 2.24 the required density function is the convolution of f; and f, and is given by
g =y f, = J F)fu — v)dv

In the integrand f, vanishes when v < 0 and f, vanishes when v > u. Hence

g(u) JM(Ze*Zv)@e—z(u—m)dv
0

66*31,4[ evdv = 6673”(6” — 1) = 6(672" — e3u)
0
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ifu=0and g(u) =0ifu <O.

Check: j gw)du = GJ (72 — e=3uydy = 6(; - ;) =1
— 0
2.26. Prove that f; * f, = f, * f; (Property 1, page 43).
We have
firf= J A~ v)dv
Lettingw = u — v so that v = u — w, dv = —dw, we obtain

%

_ Al = wpw)(—dw) = f S Wfi(u — wydw = fo* f,

w=—00

fi*f‘Z:JW

Conditional distributions
2.27. Find (a) f(y]2), (b) P(Y = 1| X = 2) for the distribution of Problem 2.8.

(a) Using the results in Problems 2.8 and 2.9, we have

[y (2x + y)/42
fOW =50 =

so that with x = 2

@+ 4ty

5
(b) P(Y=1|X=2)=f(]2) = 55
2.28. If X and Y have the joint density function

24xy 0<x<1L0<y<l1
0 otherwise

Sy = {

find (a) f(y]x). (b) P(Y > 3|5 < X < 5 + dx).

(a) For 0 <x <1,

'3 3 X
= -+ dy =5+ 3
Hh L<4 xy) YT 472

fx, y) 3+ 4y 0<y<l
X, w5
and fiylx) =" Y_ )3+ 2 Y
fi(x)
0 other y
For other values of x, f( y|x) is not defined.
11 1 * i 13+ 2y 9
(b) P(Y >3l <X <3 +do=| firlpdy= i B =1
1/2 1/2

2.29. The joint density function of the random variables X and Y is given by

8xy 0=x=1,0=sy=x

0 otherwise

S y) = {

Find (a) the marginal density of X, (b) the marginal density of Y, (c) the conditional density of X, (d) the
conditional density of Y.

The region over which f(x, y) is different from zero is shown shaded in Fig. 2-17.
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Fig. 2-17

(a) To obtain the marginal density of X, we fix x and integrate with respect to y from O to x as indicated by the
vertical strip in Fig. 2-17. The result is

X

fix) = J 8xydy = 4x3
=0

y

for 0 < x < 1. For all other values of x, f, (x) = 0.

(b) Similarly, the marginal density of Y is obtained by fixing y and integrating with respect to x fromx = ytox = 1,
as indicated by the horizontal strip in Fig. 2-17. The result is, for 0 <y < 1,
1

L) = J _ V8xydx = 4y(1 = y?)

x=y
For all other values of y, f, (y) = 0.
(c) The conditional density function of X is, for 0 <y <1,

ey [/ -y y=x=1
il = L) {0 other x

The conditional density function is not defined when f,(y) = 0.
(d) The conditional density function of Y'is, for 0 < x <1,

£01 ):f(x,y) _ {Zy/x2 0=y=x
21E Jitx) 0 othery

The conditional density function is not defined when f;(x) = 0.

1 1 1
Check: J fix)dx = J 4x3dx =1, J Hydy = J 4y(1 — y2)dy = 1
0 0 0 0
1 .
J’yfl(x|y)dx = jvl_iyz dx =1

x ).Zy
LOylndy =| Gdy=1
0 0

2.30. Determine whether the random variables of Problem 2.29 are independent.

In the shaded region of Fig. 2-17, f(x,y) = 8xy, fi(x) = 4x3, f,(y) = 4y (1 — y?). Hence f(x, y) # f,(x) f>(¥),
and thus X and Y are dependent.

It should be noted that it does not follow from f(x, y) = 8xy that f(x, y) can be expressed as a function of x
alone times a function of y alone. This is because the restriction 0 = y = x occurs. If this were replaced by
some restriction on y not depending on x (as in Problem 2.21), such a conclusion would be valid.
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Applications to geometric probability

2.31.

2.32.

A person playing darts finds that the probability of the dart striking between r and r + dr is

Pr=R=r+dr)= c|:l - <2>2Jdr

Here, R is the distance of the hit from the center of the target, c is a constant, and a is the radius of the tar-
get (see Fig. 2-18). Find the probability of hitting the bull’s-eye, which is assumed to have radius b. As-
sume that the target is always hit.

The density function is given by

Since the target is always hit, we have

Fig. 2-18

from which ¢ = 3/2a. Then the probability of hitting the bull’s-eye is

b _ 3 b r 2 _ b(3a2 — b2)
[rorar =5[] = (5] Jor= 2052

Two points are selected at random in the interval 0 = x = 1. Determine the probability that the sum of their
squares is less than 1.

Let X and Y denote the random variables associated with the given points. Since equal intervals are assumed to
have equal probabilities, the density functions of X and Y are given, respectively, by

1 0=x=1

0  otherwise

1 0=y=1
0  otherwise

L) = {

Then since X and Y are independent, the joint density function is given by

ey hH) = {

1 0=x=1,0=y=1
0 otherwise

(@) fy) = [0 L) = {
It follows that the required probability is given by

3) PX2+Y=1) = U dxdy

R
where R is the region defined by x2 + y2 =< 1, x = 0,y = 0, which is a quarter of a circle of radius 1 (Fig. 2-19).
Now since (3) represents the area of R, we see that the required probability is 7 /4.
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Fig. 2-19

Miscellaneous problems
2.33. Suppose that the random variables X and Y have a joint density function given by

c2xt+y 2<x<6,0<y<>5
S, y) = .
0 otherwise

Find (a) the constant ¢, (b) the marginal distribution functions for X and Y, (c) the marginal density func-
tions for X and ¥, (d) P3 <X <4,Y > 2),(e) P(X > 3), (f) P(X + Y > 4), (g) the joint distribution func-
tion, (h) whether X and Y are independent.

(a) The total probability is given by

6 (5 6 y2
J J c2x + y)dxdy = J c| 2xy + 5
x=2J)y=0 x=2

For this to equal 1, we must have ¢ = 1/210.

(b) The marginal distribution function for X is

Fi(x)=PX =x) = Jx J“’ f(u, v)dudv

¢

J J Odudv = 0 x <2

X 5
2u + v _ 2x2 4+ 5x — 18
= Lzszo 210 dudv = By E— 2=x<6

6 (5
2u + v o
L:zj 210 dudv = 1 xX=06

v=0
\

The marginal distribution function for Y is

Fyy) =P = y) = j; j B f(u, v)dudv

X
J Odudv =0 y<0

u=—-»Jv=-8

fjw

6 y 2

B Y 2utw _y2 + 16y

= L:oL:o 310 dudv = 105 0=y<5
J

IA

dudv =1 y=35

S [ 2w+
v=0 210

u=2
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(c) The marginal density function for X is, from part (b),

(4x +5)/84 2<x<6
0 otherwise

ﬁm:%ﬂm:{

The marginal density function for Y is, from part (b),

2y + 16)/105 0<y<>5
Mw=%uw=¥y )/ Y

0 otherwise
e 3
(d PR3 <X<4,Y>2) = mez3Jy:2(2x + y)ddy = 55
(e) PX>3) = = *r 2x + y)ddy = 22
210 ) ,_3 ), Yy Y =28
() PX +Y>4) = ﬂf(x, y)dxdy
R

where QR is the shaded region of Fig. 2-20. Although this can be found, it is easier to use the fact that

PX+Y>4)=1-PX+Y=4 =1- ﬂf(x,y)dxdy
%
where QR is the cross-hatched region of Fig. 2-20. We have

4 4—x
PX+Y=4) = I J j 2x + y)dxdy =
=0

210 ,._,], 35
Thus P(X + Y > 4) = 33/35.
y v
sk
4l
i (x,»)
R dn
> 2
il
| | | |
0 1 2 3 4 5 6 u
6 X
Fig. 2-20 Fig. 2-21

(g) The joint distribution function is

Fx,y) =PX =xY =y = r ﬁ fu, v)dudv

u=-»Jy=-x

In the uv plane (Fig. 2-21) the region of integration is the intersection of the quarter plane u = x, v = y and
the rectangle 2 < u < 6,0 < v < 5 [over which f(u, v) is nonzero]. For (x, y) located as in the figure, we have

6 f‘ 2u + v 16y + y2

o 210 dudv = "5

u=2

Fx,y) = J
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2.34.

2.35.

When (x, y) lies inside the rectangle, we obtain another expression, etc. The complete results are shown in
Fig. 2-22.

(h) The random variables are dependent since

fy) # [0 L0)
or equivalently, F(x, y) # F(xX)F,(y).
Let X have the density function

x(1 —x) 0<x<1
0 otherwise

fx) = {
Find a function Y = A(X) which has the density function

() = {12y3(1—y2) 0<y<l
£ 0 otherwise

y 1 1
i F(x,y) = i
F(x,»)=0 P22 +5x—18 i F(r,y)=1
| 34 |
777777777777777777777777 | L
F =
) B (x, ») ey
F(x,y)=0 2x%y + xp? — 8y — 292 F(x,p)= 105
i 420
| | X
F(x,)=0 L Fy)=0 Flx,y)=0
| |
Fig. 2-22

We assume that the unknown function /4 is such that the intervals X = xand ¥ = y + h(x) correspond in a
one-one, continuous fashion. Then P(X = x) = P(Y = y), i.e., the distribution functions of X and Y must be
equal. Thus, for 0 <ux,y <1,

X y
J6u(1 —wdu = J 1203(1 — v?)dv
0 0

or 3x2 — 23 = 3yt — 2y6

By inspection, x = y2ory = h(x) = +V/x is a solution, and this solution has the desired properties. Thus

Y = +VX.
Find the density function of U = XY if the joint density function of X and Y is f(x, y).
Method 1

Let U = XY and V = X, corresponding to which 4 = xy, v = x or x = v, y = u/v. Then the Jacobian is given by

ox ax
du ov 0 1 |
J = = = —p~
dy dy vl —yp2

Ju Jv
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Thus the joint density function of U and V is

—

from which the marginal density function of U is obtained as

e N ;
gu) = Jwg(u, v)dv = ffwivl f(v, v>dv
Method 2

The distribution function of U is

Gu) = H S, y)dxdy
xXy=u

For u = 0, the region of integration is shown shaded in Fig. 2-23. We see that

0 o ke u/x
6w = | [ | R y)dy}dx + LU /e y)dy}dx

~ xy=u>0

:
|
|

Fig. 2-23 Fig. 2-24

Differentiating with respect to u, we obtain

_ [ (=t u R Y A P L U
gu) = ANES flex Jde + Oxf X,y |dx = » x|fx’xdx

The same result is obtained for # < 0, when the region of integration is bounded by the dashed hyperbola in
Fig. 2-24.

2.36. A floor has parallel lines on it at equal distances / from each other. A needle of length a < [ is dropped at
random onto the floor. Find the probability that the needle will intersect a line. (This problem is known as
Buffon’s needle problem.)

Let X be a random variable that gives the distance of the midpoint of the needle to the nearest line (Fig. 2-24). Let O

be a random variable that gives the acute angle between the needle (or its extension) and the line. We denote by
x and 6 any particular values of X and ©. It is seen that X can take on any value between 0 and //2, so that 0 =<

x = 1/2. Also O can take on any value between 0 and 7 /2. It follows that

Pae<X=x+d)=>de PO=0+d)=2do

i.e., the density functions of X and O are given by f,(x) = 2/I, ,(§) = 2/7. As a check, we note that

1/22 /2 2
Jo 7dX—1 Jo Fd@—l
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Since X and O are independent the joint density function is

~|DN

L2 _ 4
T T

fx, 0) =

From Fig. 2-24 it is seen that the needle actually hits a line when X =< (a/2) sin ©. The probability of this

event is given by
7/2 ((a/2)sin 6
ij J dxdb = 2a
I Jg—0Jx=0 [

When the above expression is equated to the frequency of hits observed in actual experiments, accurate
values of 7 are obtained. This indicates that the probability model described above is appropriate.

2.37. Two people agree to meet between 2:00 .M. and 3:00 p.M., with the understanding that each will wait no
longer than 15 minutes for the other. What is the probability that they will meet?

Let X and Y be random variables representing the times of arrival, measured in fractions of an hour after
2:00 P.M., of the two people. Assuming that equal intervals of time have equal probabilities of arrival, the
density functions of X and Y are given respectively by

I 0=x=1

0 otherwise

fikx) = {

1 0=sy=1
0 otherwise

Ly = {

Then, since X and Y are independent, the joint density function is

1 0=sx=1,0=y=1

0 otherwise

ey J@y) = [0[HG) = {

Since 15 minutes = % hour, the required probability is

) P<|X -Y| = l) = ﬂdxdy
9

where 5 is the region shown shaded in Fig. 2-25. The right side of (2) is the area of this region, which is equal
tol — (%)(%) = %, since the square has area 1, while the two corner triangles have areas %(%)(%) each. Thus the
required probability is 7/16.

‘47»‘&4.‘

474>\w4>‘

‘<7§4>

4

Fig. 2-25
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SUPPLEMENTARY PROBLEMS

Discrete random variables and probability distributions

2.38. A coin is tossed three times. If X is a random variable giving the number of heads that arise, construct a table
showing the probability distribution of X.

2.39. Anurn holds 5 white and 3 black marbles. If 2 marbles are to be drawn at random without replacement and X
denotes the number of white marbles, find the probability distribution for X.

2.40. Work Problem 2.39 if the marbles are to be drawn with replacement.

2.41. Let Z be a random variable giving the number of heads minus the number of tails in 2 tosses of a fair coin. Find
the probability distribution of Z. Compare with the results of Examples 2.1 and 2.2.

2.42. Let X be a random variable giving the number of aces in a random draw of 4 cards from an ordinary deck of 52
cards. Construct a table showing the probability distribution of X.

Discrete distribution functions

2.43. The probability function of a random variable X is shown in Table 2-7. Construct a table giving the distribution
function of X.

Table 2-7 Table 2-8
X 1 2 3 X 1 2 3 4
f(x) 1/2 1/3 1/6 F(x) 1/8 3/8 3/4 1

2.44. Obtain the distribution function for (a) Problem 2.38, (b) Problem 2.39, (¢) Problem 2.40.
2.45. Obtain the distribution function for (a) Problem 2.41, (b) Problem 2.42.

2.46. Table 2-8 shows the distribution function of a random variable X. Determine (a) the probability function,

() P(1 = X = 3), (c) P(X = 2), (d) P(X < 3), (e) P(X > 1.4).

Continuous random variables and probability distributions
2.47. A random variable X has density function

ce™3 x>0

f(x):{o x=0

Find (a) the constant ¢, (b) P(1 < X < 2), (c) PX = 3),(d) PX < 1).

2.48. Find the distribution function for the random variable of Problem 2.47. Graph the density and distribution
functions, describing the relationship between them.

2.49. A random variable X has density function
cx? 1l=x=2
fx)y=qdcx 2<x<3
0 otherwise

Find (a) the constant ¢, (b) P(X > 2), (c) P(1/2 <X < 3/2).



CHAPTER 2 Random Variahles and Probability Distributions

2.50. Find the distribution function for the random variable X of Problem 2.49.

2.51. The distribution function of a random variable X is given by

cxd 0=x<3
Fx)=+«1 x=3
0 x<0

If P(X = 3) = 0, find (a) the constant c, (b) the density function, (c) P(X > 1), (d) P(1 < X < 2).

2.52. Can the function

F()_{c(l—xz) 0=x=1
* 0 otherwise

be a distribution function? Explain.

2.53. Let X be a random variable having density function

cx 0=x=2

0  otherwise

.
Find (a) the value of the constant ¢, (b) P(% <X < %), (c) P(X > 1), (d) the distribution function.

Joint distributions and independent variables

2.54. The joint probability function of two discrete random variables X and Y is given by f(x,y) = cxyforx = 1,2, 3
and y = 1, 2, 3, and equals zero otherwise. Find (a) the constant ¢, (b) PX =2, Y =3),c) Pl =X =2,Y = 2),
() PX=2),(e) P(Y<2),(F) PX=1),(g) P(Y = 3).

2.55. Find the marginal probability functions of (a) X and (b) Y for the random variables of Problem 2.54.
(c) Determine whether X and Y are independent.

2.56. Let X and Y be continuous random variables having joint density function

cx2+y?) 0=x=1,0=y=1
0 otherwise

fey) = {
Determine (a) the constant ¢, (b) P(X < %, Y > %), (©) P(% <X < %), dPY< %), (e) whether X and Y are

independent.

2.57. Find the marginal distribution functions (a) of X and (b) of Y for the density function of Problem 2.56.

Conditional distributions and density functions
2.58. Find the conditional probability function (a) of X given Y, (b) of ¥ given X, for the distribution of Problem 2.54.

xt+y 0=x=1,0=y=1

2.59. Let ,y) = .
¢ S5 {0 otherwise

Find the conditional density function of (a) X given Y, (b) Y given X.

2.60. Find the conditional density of (a) X given Y, (b) Y given X, for the distribution of Problem 2.56.

et x=0,y=0

2.61. Let ,y) = .
¢ ) {0 otherwise

be the joint density function of X and Y. Find the conditional density function of (a) X given Y, (b) Y given X.
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Change of variables
2.62. Let X have density function

ex x>0

f(x):{o x=0

Find the density function of ¥ = X2.

2.63. (a) If the density function of X is f(x) find the density function of X3. (b) Illustrate the result in part (a) by
choosing

207 x=0

f(x):{o x<0

and check the answer.
2.64. If X has density function f(x) = 2(7)~1/2e=*/2, —0 < x < oo, find the density function of Y = X2.
2.65. Verify that the integral of g,(u) in Method 1 of Problem 2.21 is equal to 1.
2.66. If the density of X is f(x) = 1/7(x2 + 1), = < x < o, find the density of ¥ = tan—1 X.
2.67. Complete the work needed to find g,(u) in Method 2 of Problem 2.21 and check your answer.

2.68. Let the density of X be

12 —-1<x<l1
0 otherwise

f) = {
Find the density of (a) 3X — 2, (b) X3 + 1.
2.69. Check by direct integration the joint density function found in Problem 2.22.

2.70. Let X and Y have joint density function

et x=0,y=0

0 otherwise

Sl y) = {

If U= X/Y,V= X+ Y, find the joint density function of U and V.
2.71. Use Problem 2.22 to find the density function of (a) U = XY2, (b) V = X2Y.

2.72. Let X and Y be random variables having joint density function f(x, y) = 2m)~1e= (%), —o0 < x < oo,
—oo <y < oo, If R and O are new random variables such that X = R cos O, Y = R sin O, show that the density
function of R is

o {re*"z/2 r=0
" =
§ 0 F<0
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1 0=sx=10=y=1

2.73. Let ,y) = .
© f@x) {0 otherwise

be the joint density function of X and Y. Find the density function of Z = XY.

Convolutions
2.74. Let X and Y be identically distributed independent random variables with density function

1 0=r=1
f(t)={

0 otherwise

Find the density function of X + Y and check your answer.

2.75. Let X and Y be identically distributed independent random variables with density function

o= {0 =0

0 otherwise

Find the density function of X + Y and check your answer.

2.76. Work Problem 2.21 by first making the transformation 2Y = Z and then using convolutions to find the density
functionof U = X + Z.

2.77. If the independent random variables X, and X, are identically distributed with density function

tet t=0
f(t)_{o 1<0

find the density function of X, + X,.

Applications to geometric probability

2.78. Two points are to be chosen at random on a line segment whose length is @ > 0. Find the probability that the
three line segments thus formed will be the sides of a triangle.

2.79. Itis known that a bus will arrive at random at a certain location sometime between 3:00 p.M. and 3:30 M. A
man decides that he will go at random to this location between these two times and will wait at most 5 minutes
for the bus. If he misses it, he will take the subway. What is the probability that he will take the subway?

2.80. Two line segments, AB and CD, have lengths 8 and 6 units, respectively. Two points P and Q are to be chosen at
random on AB and CD, respectively. Show that the probability that the area of a triangle will have height AP
and that the base CQ will be greater than 12 square units is equal to (1 — In 2)/2.

Miscellaneous problems

2.81. Suppose that f(x) = ¢/3%,x = 1, 2, ..., is the probability function for a random variable X. (a) Determine c.
(b) Find the distribution function. (c) Graph the probability function and the distribution function. (d) Find
P2 = X < 5).(e) Find P(X = 3).

2.82. Suppose that

cxe > x=0

0 otherwise

f(x)={

is the density function for a random variable X. (a) Determine c. (b) Find the distribution function. (c) Graph the
density function and the distribution function. (d) Find P(X = 1). (e) Find P(2 = X < 3).
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2.83. The probability function of a random variable X is given by

2p x=1
_Jp x=2
foo = 49p x=3

0 otherwise

where p is a constant. Find (a) P(0 = X < 3), (b) P(X > 1).

2.84. (a) Prove that for a suitable constant c,

F _{O x=0
D= Ve = e x>0

is the distribution function for a random variable X, and find this c. (b) Determine P(I1 < X < 2).

2.85. A random variable X has density function

o= {f0 - 0=

0 otherwise

Find the density function of the random variable ¥ = X? and check your answer.

2.86. Two independent random variables, X and Y, have respective density functions

_Jee® x>0 _{czyei‘y y>0
f® {0 r=0 P70 y=0

Find (@) c;and ¢,, D) PX + Y > 1),(0) PA<X <2, Y= 1),(d) P(1 <X <2),(e) P(Y = ).
2.87. In Problem 2.86 what is the relationship between the answers to (c), (d), and (e)? Justify your answer.

2.88. Let X and Y be random variables having joint density function

c2x+y) 0<x<1,0<y<?2
0 otherwise

SCoy) = {

Find (a) the constant ¢, (b) P(X > %, Y < %), (c) the (marginal) density function of X, (d) the (marginal) density
function of Y.

2.89. In Problem 2.88 is P(X > 1, ¥ < 32) = P(X > })P(Y < 3)? Why?
2.90. In Problem 2.86 find the density function (a) of X2, (b) of X + Y.

2.91. Let X and Y have joint density function

I/ly 0<x<y0<y<I
0 otherwise

Sl y) = {

(a) Determine whether X and Y are independent, (b) Find P(X > %). (c) Find P(X < %, Y > %). (d) Find
P(X +Y>3).

2.92. Generalize (a) Problem 2.74 and (b) Problem 2.75 to three or more variables.
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2.93. Let X and Y be identically distributed independent random variables having density function
fuw) = 2m)~V2ew/2, —o < y < o, Find the density function of Z = X2 + Y2.

2.94. The joint probability function for the random variables X and Y is given in Table 2-9. (a) Find the marginal
probability functions of X and Y. (b) Find P(1 = X < 3, Y = 1). (c) Determine whether X and Y are

independent.
Table 2-9
Y
x 0 1 2
0 1/18 | 1/9 | 1/6
1 1/9 | 1/18 | 1/9
2 1/6 1/6 [1/18

2.95. Suppose that the joint probability function of random variables X and Y is given by

cxy 0=x=20=y=x

0 otherwise

Sy = {

(a) Determine whether X and Y are independent. (b) Find P(% < X < 1).(c) Find P(Y = 1). (d) Find
PG<X<1Y=1).

2.96. Let X and Y be independent random variables each having density function

up—A
fay = ¢ u=01,2,...

where A > 0. Prove that the density function of X + Yis

(2A\)re—2
glu) = — 7 u=20,1,2,...

2.97. A stick of length L is to be broken into two parts. What is the probability that one part will have a length of
more than double the other? State clearly what assumptions would you have made. Discuss whether you
believe these assumptions are realistic and how you might improve them if they are not.

2.98. A floor is made up of squares of side /. A needle of length a << [ is to be tossed onto the floor. Prove that the
probability of the needle intersecting at least one side is equal to a(4/ — a)/ml2.

2.99. For a needle of given length, what should be the side of a square in Problem 2.98 so that the probability of
intersection is a maximum? Explain your answer.

24xy2 0<x<1,0<y<1,0<z<]1

2.100. Let , V. 2) = .
¢ f&y.2) {0 otherwise

be the joint density function of three random variables X, Y, and Z. Find (a) P(X > %, Y < %, zZ> %),
bYPZ<X+Y).

2.101. A cylindrical stream of particles, of radius a, is directed toward a hemispherical target ABC with center at O as
indicated in Fig. 2-26. Assume that the distribution of particles is given by

lja 0<r<a
f("):{

0 otherwise
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where r is the distance from the axis OB. Show that the distribution of particles along the target is given by

©) = {cosﬂ 0<o<m/2
g 0 otherwise

where 6 is the angle that line OP (from O to any point P on the target) makes with the axis.

A

4—\:»‘
)

Q4
=

Fig. 2-26
2.102. In Problem 2.101 find the probability that a particle will hit the target between § = 0 and 6 = 7 /4.

2.103. Suppose that random variables X, Y, and Z have joint density function

l—cosmxcosmycosmz 0<x<1,0<y<1,0<z<1
0 otherwise

fx,y,2) = {

Show that although any two of these random variables are independent, i.e., their marginal density function
factors, all three are not independent.

ANSWERS TO SUPPLEMENTARY PROBLEMS

2.38. 2.39.

x 0 1 2 3 x 0 1 2
fo | 18 | 3/8 | 3/8 | 1/8 f@) | 3/28 | 15/28 | 5/14
240. [ . : 5
f@) | 9/64 | 15/32 | 25/64
2.42.
x 0 1 2 3 4
194,580 | 69,184 6768 192 1
J® 1 370725 | 270725 | 270,725 | 270,725 | 270,725
2.43.
x 0 1 2 3
fe | 18 |12 | 78|
2.46. (a) ®)3/4 (©7/8 (d)3/8 (e)7/8

fo | 1/8 | 1/4 | 3/8 | 1/4
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l—e> x=0

247. (a)3 (b)e3—e % (c)e? (d)1 —e3 248. F(x) =
0 x=0
0 x=1

2x3—=2)/29 1=x=2
(Bx2+2)/29 2=x=3
1 x=3

2.49. (2) 6/29 (b)15/29 (c)19/116  2.50. F(x) =

2.51. (a) 1127 (b)f(x) =

{leg O0=x<3 )22 @727

0 otherwise
0 x=0
253. (@1/2 )1/2 (©)3/4 (d)F(x) = (x2/4 0=x=2
1 x=2

254. @) 1/36 (b)1/6 (©1/4 ()5/6 (@) 1/6 (F)1/6 () 1/2

x/6 x=1,2,3
0 other x

y/6 y=12.73

(b)fo(y) = {0 other

2.55. () f,(x) = {

2.56. (a)3/2 (b)1/4 (c)29/64 (d)5/16

0 x=0 0 y=0
257. @F(0) =303 +x0 0=x=1 (BF() =430 +y 0=y=1
1 x=1 1 y=1

2.58. (@) f(x|y) = f,(x) fory = 1, 2, 3 (see Problem 2.55)
®f(y |x) = fo(y) forx = 1, 2, 3 (see Problem 2.55)

1 < < < <
259, (a) fx]y) = {(x ty/(y+3) 0=sx=10=y=1

0 otherx,0 <y = 1
x+y/x+3) 0=sx=10=y=1
b -
) f(y ]9 {0 g

(2+y)/(y2+3 0=x=10=y=1

2.60. =
(@) fx]y) {0 otherx,0 =y =1

24+ y)/x2+1H) 0=sx=10=y=<1
@ﬂﬂw={ A Y

0 0 =x=1,othery
e x=0,y=0
0 x<0,y=0

e x=0,y=0

) 0] 0) = {0 N

zmwwﬂﬂw:{
2.62. ¢e~V»/2V/y fory > 0; 0 otherwise 2.64. 2m)~Y2y-1/2¢=v/2fory > 0; 0 otherwise

2.66. 1/ for —m/2 <y < a/2; 0 otherwise

la—-y 0<y<1

1
. S<y<l1
’ : Mgy =ty — D23 1<y<2
0  otherwise )
0 otherwise

2.68. (a) g(y) = {

2.70. ve=v/(1 + u)2foru = 0, v = 0; 0 otherwise
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—-lnz 0<z<I1 x3ex6 x=0
g8 = { 2.77. g(x) = {0

0 otherwise x<O0
u O0=su=<1

guy=<92—-u 1=u=2 278 1/4
0 otherwise

et u=0
= 2.79. 61/72
8w {0 4 <0 /

@2 (b)F) = {0 r<1

d) 26/81 1/9
1-3» y=x<y+ly=123... OXOU

(@) 4 (b) Fx) = {(1) et D ii 8 d)3e2 (¢)5e4 — Te6
@3/7 (b)5/7 284 (c=1 (b)e* — 32+ 2!

@c;=2,6,=9 (b)9e2— 1de3 (c)deS —de 7 (d)e? — e 4 (e)de3

xt+3 0<x<lI
0 otherwise

v+ 0<y<2
0 otherwise

@1/4 (0)27/64 () fix) = { DA = {

2.90. (a

2.91.

2.93.

2.94.

—2y > —2u >
(){e IVy y >0 b){ISe u>0

0 otherwise 0 otherwise

()31 —2) (©f +3h2 (32 295 B)15/256 ()9/16 (@0

1
_ yew/2 z=0
8(2) {0 £ <0 2.100. (a)45/512 (b)1/14

(b)7/18  2.102. V2/2



Mathematical Expectation

Definition of Mathematical Expectation

A very important concept in probability and statistics is that of the mathematical expectation, expected value, or
briefly the expectation, of a random variable. For a discrete random variable X having the possible values x,, . . . , x,,
the expectation of X is defined as

B0 = xP(X = x) + -+ x,PX = x,) = S4PX = x) M
j=1
or equivalently, if P(X = x;) = f(x)),
B0 = mfe) + -+ xfe) = 2f) = Zxfo) @
Jj=

where the last summation is taken over all appropriate values of x. As a special case of (2), where the probabil-
ities are all equal, we have

Xyt x, 00+ x

E(X) = . : 3
which is called the arithmetic mean, or simply the mean, of x, x,, . . ., x,.
If X takes on an infinite number of values x,, x,, . . ., then E(X) = E‘,_lexj JSf(x;) provided that the infinite se-

ries converges absolutely.
For a continuous random variable X having density function f(x), the expectation of X is defined as

©

xf(x)dx “4)

E(X)=J

provided that the integral converges absolutely.

The expectation of X is very often called the mean of X and is denoted by uy, or simply u, when the partic-
ular random variable is understood.

The mean, or expectation, of X gives a single value that acts as a representative or average of the values of X,
and for this reason it is often called a measure of central tendency. Other measures are considered on page 83.

EXAMPLE 3.1 Suppose that a game is to be played with a single die assumed fair. In this game a player wins $20 if
a 2 turns up, $40 if a 4 turns up; loses $30 if a 6 turns up; while the player neither wins nor loses if any other face turns
up. Find the expected sum of money to be won.

Let X be the random variable giving the amount of money won on any toss. The possible amounts won when the die
turnsup 1,2, ..., 6 are x,, x,, . . . , X, respectively, while the probabilities of these are f(x,), f(x,), . . ., f(x¢). The prob-
ability function for X is displayed in Table 3-1. Therefore, the expected value or expectation is

an- (g en(g) (3 () o) - ) -
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Table 3-1

X; 0O [(+20| O | +40| O |-30

)

fa) | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6

It follows that the player can expect to win $5. In a fair game, therefore, the player should be expected to pay $5 in order
to play the game.
EXAMPLE 3.2 The density function of a random variable X is given by

X 0<x<2
0  otherwise

J) :{

The expected value of X is then

E —r d—r<1>d—r"2d—x’
X) = wxf(x)x— Ox o Jdx = .2 X =g

Functions of Random Variables

Let X be a discrete random variable with probability function f(x). Then Y = g(X) is also a discrete random vari-
able, and the probability function of Y'is

hy)=PY=y)= 2 PX=x= 2 [

{rler=y} {xlg(n=y}

If X takes on the values x,, x,, . . ., x,, and Y the values y,, y,,...,y, (m = n), then y,h(y,) + y,h(y,) + --- +
Yult(yn) = 8(e)f(x)) + g0)f(xy) + - -+ + g(x,)f(x,). Therefore,

E[g(X)] = g(x)f(x) + g)f(xy) + -+ + glx)f(x,)

= 2g00)f(x) = 2 g@f) )
j=1
Similarly, if X is a continuous random variable having probability density f(x), then it can be shown that
E[g(X)] = J  gWf(x)dx (6)

Note that (5) and (6) do not involve, respectively, the probability function and the probability density function

of Y = g(X).
Generalizations are easily made to functions of two or more random variables. For example, if X and Y are two
continuous random variables having joint density function f(x, y), then the expectation of g(X, Y) is given by

ElgX, V)] = J_ J_ g, Wf(x, y)dxdy 7N

EXAMPLE 3.3 If X is the random variable of Example 3.2,

* 2
E(3X? — 2X) = J (32 — 20f(¥)dx = J (32 — 2x)<éx>dx _ 1370
o o

Some Theorems on Expectation

Theorem 3-1 1If c is any constant, then

E(cX) = cE(X) ®)
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Theorem 3-2 If X and Y are any random variables, then

E(X +Y) = E(X) + E(Y) ©)
Theorem 3-3 1If X and Y are independent random variables, then
E(XY) = E(X)E(Y) (10)

Generalizations of these theorems are easily made.

The Variance and Standard Deviation

We have already noted on page 75 that the expectation of a random variable X is often called the mean and
is denoted by . Another quantity of great importance in probability and statistics is called the variance and is
defined by

Var(X) = E[(X — w)’] (In

The variance is a nonnegative number. The positive square root of the variance is called the standard deviation
and is given by

oy = VVar(X) = VE[(X — p)] 12)

Where no confusion can result, the standard deviation is often denoted by o instead of o, and the variance in
such case is 2.

If X is a discrete random variable taking the values x|, x,, . . . , x, and having probability function f(x), then
the variance is given by

n

0% = E[X — ppl = 205 — wf(x) = 2(x — wPf(x) 13)

j=1

In the special case of (13) where the probabilities are all equal, we have

o =0 —w? + (0 — w2+ (x, — w?l/n (14)
which is the variance for a set of n numbers x,, . . . , x,,.
If X takes on an infinite number of values x;, x,, . .., then o = 3%, (x; — w)*f(x;), provided that the series

converges.
If X is a continuous random variable having density function f(x), then the variance is given by

o

oy = E[(X — w3 = J (x = w?flxdx (15)
provided that the integral converges.

The variance (or the standard deviation) is a measure of the dispersion, or scatter, of the values of the ran-
dom variable about the mean w. If the values tend to be concentrated near the mean, the variance is small; while
if the values tend to be distributed far from the mean, the variance is large. The situation is indicated graphically
in Fig. 3-1 for the case of two continuous distributions having the same mean w.

e Small variance

.~ Large variance

Fig. 31



CHAPTER 3 Mathematical Expectation

EXAMPLE 3.4 Find the variance and standard deviation of the random variable of Example 3.2. As found in Example 3.2,
the mean is u = E(X) = 4/3. Then the variance is given by

o (I RNy (A

C .. 2
and so the standard deviation is o = \/% = %
Note that if X has certain dimensions or units, such as centimeters (cm), then the variance of X has units cm?

while the standard deviation has the same unit as X, i.e., cm. It is for this reason that the standard deviation is
often used.

Some Theorems on Variance

Theorem 3-4 02 = E[(X — w)?] = E(X?) — u2 = EX?) — [E(X)]? (16)
where u = E(X).
Theorem 3-5 If c is any constant,
Var(cX) = ¢2 Var(X) a7
Theorem 3-6 The quantity E[(X — «@)?] is a minimum when a = p = E(X).
Theorem 3-7 If X and Y are independent random variables,
Var(X + Y) = Var(X) + Var(}) or ohy = 0%+ 0% (18)

Var(X — Y) = Var(X) + Var(Y) oo o} ,=0r+ 02 (19)

Generalizations of Theorem 3-7 to more than two independent variables are easily made. In words, the vari-
ance of a sum of independent variables equals the sum of their variances.

Standardized Random Variables

Let X be a random variable with mean w and standard deviation o (o > 0). Then we can define an associated stan-
dardized random variable given by

X—p
g

X* = (20)

An important property of X* is that it has a mean of zero and a variance of 1, which accounts for the name stan-
dardized, i.e.,
EX*) =0, Var(X*) = 1 (21)

The values of a standardized variable are sometimes called standard scores, and X is then said to be expressed
in standard units (i.e., o is taken as the unit in measuring X — ).
Standardized variables are useful for comparing different distributions.

Moments
The rth moment of a random variable X about the mean ., also called the rth central moment, is defined as

M, = E[(X — )] 22)
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where r = 0, 1, 2, . . .. It follows that w, = 1, u, = 0, and u, = 02, i.e., the second central moment or second
moment about the mean is the variance. We have, assuming absolute convergence,

M, = E(X — wf(x) (discrete variable) (23)
M, = J (x — wWfx)dx (continuous variable) (24)
The rth moment of X about the origin, also called the rth raw moment, is defined as
my = E(X7) (25)
where r = 0, 1, 2, . . ., and in this case there are formulas analogous to (23) and (24) in which u = 0.

The relationship between these moments is given by

r | T .
M = @ — <1)Mr’1u +oe Tt (—1)f<j>u,f_,-w + o (Do (26)

As special cases we have, using u; = wand u, = 1,

I e

my = 3y = 3usp + 2u (27
My =y — 4pip + 6usu? — 3ut

Moment Generating Functions
The moment generating function of X is defined by

My (1) = E(e™) (28)

that is, assuming convergence,
M) = 2 e™ f(x) (discrete variable) (29)
My (1) = J e* f(x)dx (continuous variable) 30)

We can show that the Taylor series expansion is [Problem 3.15(a)]

P
MX(I):1+MI+M2§+"'+MVF+"' 31
Since the coefficients in this expansion enable us to find the moments, the reason for the name moment gener-
ating function is apparent. From the expansion we can show that [Problem 3.15(b)]

o d
b= M) 62)

0

i.e., u, is the rth derivative of M (¢) evaluated at t = 0. Where no confusion can result, we often write M() in-
stead of M (?).

Some Theorems on Moment Generating Functions

Theorem 3-8 If M () is the moment generating function of the random variable X and a and b (b # 0) are con-
stants, then the moment generating function of (X + a)/b is

t
My (D) = e"lP My (b) (33)



CHAPTER 3 Mathematical Expectation

Theorem 3-9 1If X and Y are independent random variables having moment generating functions My(f) and
M, (1), respectively, then

My, y(t) = My (1) My(2) (34)

Generalizations of Theorem 3-9 to more than two independent random variables are easily made. In words, the
moment generating function of a sum of independent random variables is equal to the product of their moment
generating functions.

Theorem 3-10 (Uniqueness Theorem) Suppose that X and Y are random variables having moment generat-
ing functions My (f) and M, (¢), respectively. Then X and Y have the same probability distribu-
tion if and only if M, () = M, (¢) identically.

Characteristic Functions

If we let t = iw, where i is the imaginary unit, in the moment generating function we obtain an important func-
tion called the characteristic function. We denote this by

by(w) = My(iw) = E(eX) (35)
It follows that
dy(w) = Eei“”‘ f(x) (discrete variable) 36)
dy(w) = J e f(x) dx (continuous variable) 37
Since |eix| = 1, the series and the integral always converge absolutely.

The corresponding results (31) and (32) become

. , W? W
bxw) = 1+ ipw — ooy + -0 (3%

S
where M, = (=1)i dwfd)x(w) - (39)

When no confusion can result, we often write ¢(w) instead of ¢y (w).
Theorems for characteristic functions corresponding to Theorems 3-8, 3-9, and 3-10 are as follows.

Theorem 3-11 1If ¢,(w) is the characteristic function of the random variable X and a and b (b # 0) are con-
stants, then the characteristic function of (X + a)/b is

¢(x+a>/h(w) = et/ bd’x(c;) (40)

Theorem 3-12 If X and Y are independent random variables having characteristic functions ¢y (w) and ¢, (),
respectively, then

Pxry(@) = dy(w) dy(w) (41)
More generally, the characteristic function of a sum of independent random variables is equal to the product

of their characteristic functions.

Theorem 3-13 (Uniqueness Theorem) Suppose that X and Y are random variables having characteristic func-
tions ¢ (w) and ¢, (w), respectively. Then X and Y have the same probability distribution if and
only if ¢y (w) = ¢,(w) identically.
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An important reason for introducing the characteristic function is that (37) represents the Fourier transform
of the density function f(x). From the theory of Fourier transforms, we can easily determine the density function
from the characteristic function. In fact,

o

£ = ;Jmequx(w) do (“2)

which is often called an inversion formula, or inverse Fourier transform. In a similar manner we can show in the
discrete case that the probability function f(x) can be obtained from (36) by use of Fourier series, which is the
analog of the Fourier integral for the discrete case. See Problem 3.39.

Another reason for using the characteristic function is that it always exists whereas the moment generating
function may not exist.

Variance for Joint Distributions. Covariance

The results given above for one variable can be extended to two or more variables. For example, if X and Y are
two continuous random variables having joint density function f(x, y), the means, or expectations, of X and Y are

uy = EX) = J J A yydxdy,  py = E(Y) = j j Y, y)dxdy (43)

—w ) —w —o0 ) —o

and the variances are

0% = E[(X — puy)?] = J J (x = pp?f(x, y)dxdy

—o0 ) —oo

o (44)
o} = EL(Y — uy)?] = J f (v = P fCr, y)dxdy
Note that the marginal density functions of X and Y are not directly involved in (43) and (44).
Another quantity that arises in the case of two variables X and Y is the covariance defined by
Ty = Cov(X, V) = E[(X — p)(Y — )] 45)
In terms of the joint density function f(x, y), we have
Oxy = J J (x = )y = uf(x, y)dxdy (46)
Similar remarks can be made for two discrete random variables. In such cases (43) and (46) are replaced by
py = 2200y py = 2 2f(y) (47)
Xy Xy
Ty = 2200~ m)(y — p)fxy) (48)
x oy

where the sums are taken over all the discrete values of X and Y.
The following are some important theorems on covariance.

Theorem 3-14 oy = EXY) — EXEY) = EXY) — pyty (49)

Theorem 3-15 If X and Y are independent random variables, then

oyy = Cov(X,Y) =0 (50)
Theorem 3-16 Var(X £ Y) = Var(X) + Var(Y) £ 2Cov(X, Y) (629
or Oiy = 0%+ 0L £ 20y (52)

Theorem 3-17 |oyy| = ox0y (53)
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The converse of Theorem 3-15 is not necessarily true. If X and Y are independent, Theorem 3-16 reduces to
Theorem 3-7.

Correlation Coefficient

If X and Y are independent, then Cov (X, ¥Y) = oy, = 0. On the other hand, if X and Y are completely dependent,
for example, when X = Y, then Cov (X, Y) = oy, = 0y0,. From this we are led to a measure of the dependence
of the variables X and Y given by

p= Oxy
Ox0Oy

(54)

We call p the correlation coefficient, or coefficient of correlation. From Theorem 3-17 we see that —1 = p = 1.
In the case where p = 0 (i.e., the covariance is zero), we call the variables X and Y uncorrelated. In such cases,
however, the variables may or may not be independent. Further discussion of correlation cases will be given in
Chapter 8.

Conditional Expectation, Variance, and Moments

If X and Y have joint density function f(x, y), then as we have seen in Chapter 2, the conditional density function
of Y given X is f(y | x) = f(x, y)/f, (x) where f, (x) is the marginal density function of X. We can define the con-
ditional expectation, or conditional mean, of Y given X by

=]

EY|X =x) = J'wyf(y|X)dy (55)

where “X = x” is to be interpreted as x < X = x + dx in the continuous case. Theorems 3-1 and 3-2 also hold
for conditional expectation.
We note the following properties:

1. E(Y | X = x) = E(Y) when X and Y are independent.

2. E(Y) = J

(]

E(Y|X = x)f,(x)dx.

It is often convenient to calculate expectations by use of Property 2, rather than directly.

EXAMPLE 3.5 The average travel time to a distant city is ¢ hours by car or b hours by bus. A woman cannot decide
whether to drive or take the bus, so she tosses a coin. What is her expected travel time?

Here we are dealing with the joint distribution of the outcome of the toss, X, and the travel time, Y, where Y = Y, if
X =0andY =Y,, if X = 1. Presumably, both Y_,. and Y, are independent of X, so that by Property 1 above

EY|X=0=EY,|X=0=EY,)=c

car car.

and EY|X=1)=E{Y, |X=1)=EY,)=>b

Then Property 2 (with the integral replaced by a sum) gives, for a fair coin,

EY)=EY|X=0PX=0)+EY|X=1DPX=1=F¢ er b
In a similar manner we can define the conditional variance of Y given X as
E[(Y — w*|X = x] = J v — m)*(y[x)dy (56)

where u, = E(Y|X = x). Also we can define the rth conditional moment of Y about any value a given X as

E[(Y —ay|X =x] = Jm(y — ayf(y|xdy (57)

The usual theorems for variance and moments extend to conditional variance and moments.
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Chebyshev’s Inequality

An important theorem in probability and statistics that reveals a general property of discrete or continuous ran-
dom variables having finite mean and variance is known under the name of Chebyshev’s inequality.

Theorem 3-18 (Chebyshev’s Inequality) Suppose that X is a random variable (discrete or continuous) having
mean p and variance o2, which are finite. Then if € is any positive number,

P(X - plze=% (58)
or, with € = ko,
1
p(|x—p,|zkcr)sﬁ (59)

EXAMPLE 3.6 Letting k = 2 in Chebyshev’s inequality (59), we see that
P(X—pu|=20)=025 or P(|X — p|<20)=0.75

In words, the probability of X differing from its mean by more than 2 standard deviations is less than or equal to 0.25;
equivalently, the probability that X will lie within 2 standard deviations of its mean is greater than or equal to 0.75. This
is quite remarkable in view of the fact that we have not even specified the probability distribution of X.

Law of Large Numbers
The following theorem, called the law of large numbers, is an interesting consequence of Chebyshev’s inequality.

Theorem 3-19 (Law of Large Numbers): Let X|, X,, . . ., X, be mutually independent random variables (dis-
crete or continuous), each having finite mean w and variance o2 Thenif S, = X, + X, + --- +
X,mn=172,...),

, Sy
limP| |5 —ul =€) =0 (60)
Since S,/n is the arithmetic mean of X, . . ., X,, this theorem states that the probability of the arithmetic

mean S,/n differing from its expected value u by more than e approaches zero as n — . A stronger result,
which we might expect to be true, is that lim S, /n = u, but this is actually false. However, we can prove that
lgloc S,/n = w with probability one. This result is often called the strong law of large numbers, and, by contrast,
that of Theorem 3-19 is called the weak law of large numbers. When the “law of large numbers” is referred to
without qualification, the weak law is implied.

Other Measures of Central Tendency

As we have already seen, the mean, or expectation, of a random variable X provides a measure of central ten-
dency for the values of a distribution. Although the mean is used most, two other measures of central tendency
are also employed. These are the mode and the median.

1. MODE. The mode of a discrete random variable is that value which occurs most often or, in other words,
has the greatest probability of occurring. Sometimes we have two, three, or more values that have relatively
large probabilities of occurrence. In such cases, we say that the distribution is bimodal, trimodal, or multi-
modal, respectively. The mode of a continuous random variable X is the value (or values) of X where the
probability density function has a relative maximum.

2. MEDIAN. The median is that value x for which P(X < x) = % and P(X > x) = % In the case of a con-

1

tinuous distribution we have P(X < x) = 5 = P(X > x), and the median separates the density curve into

two parts having equal areas of 1/2 each. In the case of a discrete distribution a unique median may not
exist (see Problem 3.34).
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Percentiles

It is often convenient to subdivide the area under a density curve by use of ordinates so that the area to the left
of the ordinate is some percentage of the total unit area. The values corresponding to such areas are called per-
centile values, or briefly percentiles. Thus, for example, the area to the left of the ordinate at x, in Fig. 3-2 is a.
For instance, the area to the left of x,,,, would be 0.10, or 10%, and x, ;, would be called the 10th percentile
(also called the first decile). The median would be the 50th percentile (or fifth decile).

Area
/ ¢

Fig. 3-2

Other Measures of Dispersion

Just as there are various measures of central tendency besides the mean, there are various measures of disper-
sion or scatter of a random variable besides the variance or standard deviation. Some of the most common are
the following.

1. SEMI-INTERQUARTILE RANGE. If x, ,5 and x, ;5 represent the 25th and 75th percentile values, the
difference x,, ;5 — X5 is called the interquartile range and %(}CO'75 — Xyps) 1s the semi-interquartile range.

2. MEAN DEVIATION. The mean deviation (M.D.) of a random variable X is defined as the expectation

of |X — |, i.e., assuming convergence,
M.D.(X) = E[|X — u|] = E|x — ulfx) (discrete variable) 61)
MD.(X) = E[|X — u|]] = J |x — u|f(x)dx (continuous variable) (62)

Skewness and Kurtosis

1. SKEWNESS. Often a distribution is not symmetric about any value but instead has one of its tails longer
than the other. If the longer tail occurs to the right, as in Fig. 3-3, the distribution is said to be skewed fo the right,
while if the longer tail occurs to the left, as in Fig. 3-4, it is said to be skewed fo the left. Measures describing
this asymmetry are called coefficients of skewness, or briefly skewness. One such measure is given by

_EX -l o

: (63)

a
3
o3 o

The measure o will be positive or negative according to whether the distribution is skewed to the right or left,
respectively. For a symmetric distribution, o = 0.

_— Large
Skews:d to Skewed to kurtosis
the right the left
Fig. 3-3 Fig. 3-4 Fig. 3-5

2. KURTOSIS. In some cases a distribution may have its values concentrated near the mean so that the dis-
tribution has a large peak as indicated by the solid curve of Fig. 3-5. In other cases the distribution may be
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relatively flat as in the dashed curve of Fig. 3-5. Measures of the degree of peakedness of a distribution are
called coefficients of kurtosis, or briefly kurtosis. A measure often used is given by

_EX - wt s

o Lt
4 e P

(64)

This is usually compared with the normal curve (see Chapter 4), which has a coefficient of kurtosis equal to 3.
See also Problem 3.41.

SOLVED PROBLEMS

Expectation of random variables

3.1. In a lottery there are 200 prizes of $5, 20 prizes of $25, and 5 prizes of $100. Assuming that 10,000 tickets
are to be issued and sold, what is a fair price to pay for a ticket?

Let X be a random variable denoting the amount of money to be won on a ticket. The various values of X together
with their probabilities are shown in Table 3-2. For example, the probability of getting one of the 20 tickets
giving a $25 prize is 20/10,000 = 0.002. The expectation of X in dollars is thus

E(X) = (5)(0.02) + (25)(0.002) + (100)(0.0005) + (0)(0.9775) = 0.2

or 20 cents. Thus the fair price to pay for a ticket is 20 cents. However, since a lottery is usually designed to raise
money, the price per ticket would be higher.

Table 3-2

x (dollars) 5 25 100 0

PX=x) |0.02 | 0.002 | 0.0005 | 0.9775

3.2. Find the expectation of the sum of points in tossing a pair of fair dice.

Let X and Y be the points showing on the two dice. We have
_ (1 LI y_7
E(X)—E(Y)—1<6>+2<6>+ +6<6>—2

EX+Y)=EX) +EY) =17

3.3. Find the expectation of a discrete random variable X whose probability function is given by

Then, by Theorem 3-2,

fe) = <;> (x=1,2,3,..)

‘We have

To find this sum, let S = % + 2<‘11> + 3<

lo_ 1 1 1),
Then ZS_ 4 + 2(8>+3<16>+
Subtracting,

Therefore, S = 2.
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3.4. A continuous random variable X has probability density given by

27 x>0
f(x)_{o x =0

Find (a) E(X), (b) E(X?).

(a) EX) = J” x(x)dx = Jxx(Ze‘z") dx = Zmee‘zxdx
_ 0 0
_ Lol N B I
“fl(5)- ()] -2
(b) EX?) = J* Xf(x)dx = Zmeze’Z"dx
- 0
—2x —2x —2x *
(%) eofs) el )]] -
3.5. The joint density function of two random variables X and Y is given by
xy/96 0<x<41<y<5
flx,y) =
otherwise
Find (a) E(X), (b) E(Y), (c) E(XY), (d) EQX + 3Y).
3 ) 4 5 8
EX) = dxdy = dxd
(@) 0.9) J’—m[—w‘x‘f(x’ y) Y JxZOJ)' | <96> xay =3
(b) an=ﬁjymww@—wa <>w@—§
I 248
(©) EXY) = J_J_m(xy)f(x, y)dxdy = J J (xy)<96>dxdy 27
0 Xy 47
(d) EQ2X + 3Y) = J J 2x + 3y)f(x, y)dxdy = J J 2x + 3y)<96> dxdy = 3
—x ) — x=0Jy=1
Another method
(c) Since X and Y are independent, we have, using parts (a) and (b),
E(XY) = EXE(Y) = ()(ﬁ)zzﬁf

(d) By Theorems 3-1 and 3-2, pages 76-77, together with (a) and (b),
EQ2X + 3Y) = 2E(X) + 3E(Y) = 2(2) + 3(391> = 4?7

3.6. Prove Theorem 3-2, page 77.

Let f(x, y) be the joint probability function of X and Y, assumed discrete. Then
EX +Y) = X2 + )fx.y)
Xy
= 2 2006 y) + 2 20f(x,y)
x oy x oy

= EX) + E(Y)

If either variable is continuous, the proof goes through as before, with the appropriate summations replaced by
integrations. Note that the theorem is true whether or not X and Y are independent.
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3.7. Prove Theorem 3-3, page 77.
Let f(x, y) be the joint probability function of X and Y, assumed discrete. If the variables X and Y are independent,
we have f(x, y) = f,(x) f,(»). Therefore,
EXY) = 2 20f(y) = 2 20h®A0)
X y X y

= E[Xfl(x) Eyﬁ(y)}
y

X

= DU EW)]
= EQOE(Y)

If either variable is continuous, the proof goes through as before, with the appropriate summations replaced by
integrations. Note that the validity of this theorem hinges on whether f(x, y) can be expressed as a function of x
multiplied by a function of y, for all x and y, i.e., on whether X and Y are independent. For dependent variables it
is not true in general.

Variance and standard deviation

3.8. Find (a) the variance, (b) the standard deviation of the sum obtained in tossing a pair of fair dice.

(a) Referring to Problem 3.2, we have E(X) = E(Y) = 1/2. Moreover,

oo i) o() o)

Then, by Theorem 3-4,

2
Var(X) = Var(¥) = 5 — (;) =3

and, since X and Y are independent, Theorem 3-7 gives

Var(X + Y) = Var(X) + Var(Y) = %
(b) Oxiy = VVar(X + Y) = \/%

3.9. Find (a) the variance, (b) the standard deviation for the random variable of Problem 3.4.

(a) Asin Problem 3.4, the mean of Xis u = E(X) = % Then the variance is

2 " 2
Var(X) = E[(X — pn)*] = E|:<X - ;) :| = f <x - ;) fx)dx
x 2
= JO (x — ;) e ) dx = i

Another method
By Theorem 3-4,

2
Var(X) = EI(X — pf] = E) — [EXF = 5 — (;) =1

(b) o= \/Var(X)=\/%=%
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3.10. Prove Theorem 3-4, page 78.
We have
E[(X — wy] = EX* = 2uX + p?) = E(XC) — 2uEX) + p?
= EX) — 27 + p? = EX?) — w?
= EX*) — [EX)P

3.11. Prove Theorem 3-6, page 78.
E[(X —ay] = E{X = w) + (. — a)}’]
= E[X —w? +2X — wp —a) + (u — ay’]
= E[X = w’l + 2(n — @EX — ) + (u — )
= E[X =l + (u—a)
since E(X — w) = E(X) — n = 0. From this we see that the minimum value of E[(X — a@)?] occurs when
(w— a2 =0,ie,whena = pu.
3.12. If X* = (X — w)/o is a standardized random variable, prove that (a) E(X*) = 0, (b) Var(X*) = 1.

(XY 1 _ 1 _
(@) Eaﬂ—E<0.>—gwa—Mn—gmm—nyw
since E(X) = .
_ X—w)_1 _
(b) Var (X*) = Var< vea ) = ;E[(X —w? =1

using Theorem 3-5, page 78, and the fact that E[(X — w)?2] = o2,
3.13. Prove Theorem 3-7, page 78.
Var(X + Y) = E{(X + Y) = (uy + uy)}?]
= E{(X = p) + (¥ = pp}i
= E[(X — py)?* + 20X — )Y — py) + (¥ = puy)’]
= E[(X = p?] + 2E[(X — p(Y — py)] + E[(Y — py)’]

= Var(X) + Var(Y)

using the fact that

E[(X — p)(Y — pup)] = EXX — u)EQY — py) =0

since X and Y, and therefore X — uy and Y — u,, are independent. The proof of (/9), page 78, follows on
replacing Y by —Y and using Theorem 3-5.

Moments and moment generating functions
3.14. Prove the result (26), page 79.

p, = E[(X — p]

r [ r S
= E|:X’ - <1>X"_',u + 0+ (—1).1<j>Xr—/M_/

+ .o+ (_])rl< r )Xurl + (_1)rur}
r—1
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= E(X) - <:>E<Xf-l>u +o (—DJ‘(J’.)E(X'-W

+ o 4 (_l)r—l<r_r 1>E(X),LU_1 + (_1)rlur

e <;>M£1M to At (= 1)/< >M, Yy

4+ ... 4+ (_1)r*1r“)" + (_])*rluf

where the last two terms can be combined to give (—1)~1(r — 1)w".
3.15. Prove (a) result (31), (b) result (32), page 79.
(a) Using the power series expansion for e (3., Appendix A), we have

M () = E(e) = <1 + X + % + % 4. )

=1+ tEX) + E(Xz) + E(W) + -
P P
:1+[.L[+,u,2§+[1,3§+"'

(b) This follows immediately from the fact known from calculus that if the Taylor series of f(#) about t = a is

f(t) = E()cna - ay

then Cn = ny dtnf()

=a

3.16. Prove Theorem 3-9, page 80.
Since X and Y are independent, any function of X and any function of Y are independent. Hence,

My (1) = E[eXD] = E(eel) = E(eX)E(e") = My(HMy(1)

3.17. The random variable X can assume the values 1 and — 1 with probability % each. Find (a) the moment gen-
erating function, (b) the first four moments about the origin.

1 1 1
Xy = ) L -nf =) = = -
(a) E(e™X) = " (2> + e <2> Z(e’ + e
—_— — t4 ...
(b) We have el = 1+t+2|+3'+4 +
S I I I
el =1ttty
Then (1 —t+ R R A
en() (6 e )_ 21 41
_ , P B 1
But (2) MX(I)—1+/.L[+M22!+/.L33!+,U,44!+

Then, comparing (1) and (2), we have

um =0, wh =1, ni =0, =1, ..

The odd moments are all zero, and the even moments are all one.
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3.18. A random variable X has density function given by

) = {Zez’f x=0
Y7 0 x<0

Find (a) the moment generating function, (b) the first four moments about the origin.

e f(x)dx

(a) M(t) = E(e™) = J

= J e"(2e Xy dx = ZJ el=Dxdx

0 0

2el~2x|* 2 .

== = 5——, assuming? <2
t=2|, 2-1t
(b) If It1 < 2 we have

2 1 i B P
21— ttratatgtie”

L 1
But M(t)=l+y,t+,u,2§+p,3§+,u,4ﬂ+'-'

. _ 1 y 1 ;) 3 r 3
Therefore, on comparing terms, w = 5, Wy = 3, U3 = 73, hy = 3.

3.19. Find the first four moments (a) about the origin, (b) about the mean, for a random variable X having den-
sity function

o = {4x(9 —x)/81 0=x=3

0 otherwise
[ — — 4 ’ 2 2 — 8 —
(@) m = EX) =57 | O —x)dx=c=p
81/, 5
4 (3
ph=EX?) = 57| ¥*O — x)dx =3
81/,
D moey = A [ e - g = 216
ph = EX®) = 81Jox“(9 x2)dx = 35
, 4 27
ny = EX*Y = 87[())@(9 — x¥)dx = 5

(b) Using the result (27), page 79, we have

=0

2
—3_ (&) 1L _
M, =3 <5>—25—a'

_216 ;. (8 8\ _ _32
3= 35 3(3)<5>+2<5> R 7E

2 216 \( 8 8\ L[8)" _ 3693
He= 5 - <35 )(5) +6(3)<5> 3<5> = 8750

3.20. Find the characteristic function of the random variable X of Problem 3.17.

Characteristic functions

The characteristic function is given by

E(ein) - eiw(l)(é) + eiw(l)(é) = %(eiw + e*iw) = CcOoSw
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using Euler’s formulas,
e = cosf + isinf e = cosf — isin@
with & = w. The result can also be obtained from Problem 3.17(a) on putting ¢ = ic.
3.21. Find the characteristic function of the random variable X having density function given by

) = {1/2a x| <a

0 otherwise

The characteristic function is given by

o a
) ) 1 .
E(ei®X) = e f(x)dx = - | e“*dx
e 2a]_,
_ Leiwx a _ eiaw _ e*iu(u _ Sinaw
2a iw | 2iaw aw

using Euler’s formulas (see Problem 3.20) with § = aw.

3.22. Find the characteristic function of the random variable X having density function f(x) = ce-aM,
—oo < x < %, where a > 0, and c is a suitable constant.

Since f(x) is a density function, we must have

r ) fdx =1

o 0 o
cj eahldy = c|:f e "Iy + J e"“‘)de
o o 0

—o0

so that

Then ¢ = a/2. The characteristic function is therefore given by

E(eiX) = J e f(x)dx

0

0 e}
|: j eiwxe*a(*x) dx + f eia)xe*a(x) dx:|
—w 0

\STESY

0 £
= ;|:J e(aJria))xdx + J’ e(uiw)xdx:|
— % 0
a e(a+ia))x 0 n e—(a—iw)x *
=5 T a T
2a+ zou|7oc —(a — iw)|,
a a a?

“2atio) 20 —iw) 2+ o

Covariance and correlation coefficient
3.23. Prove Theorem 3-14, page 81.

By definition the covariance of X and Y is
oy = Cov(X, ¥) = E[(X — m)(¥ — pp)l
= E[XY — py¥ — pyX + pxuy]
= EXY) — uyE(Y) — pyE(X) + E(uxity)
= E(XY) — pxpy — Mydx t Mxtty
= EXY) — pypty
= EXY) — EX)E(Y)
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3.24. Prove Theorem 3-15, page 81.
If X and Y are independent, then E(XY) = E(X)E(Y). Therefore, by Problem 3.23,
oy =Cov(X,Y) = EXY) — EX)EY)=0

3.25. Find (a) E(X), (b) E(Y), (c) E(XY), (d) E(X?), (e) E(Y?), (f) Var (X), (g) Var (Y), (h) Cov (X, Y), (i) p, if the
random variables X and Y are defined as in Problem 2.8, pages 47-48.

(a) EX) = 2 2xf(x,y) = Ex[Ef(x, y)}
Xy x y
= (0)(6¢) + (1)(14¢) + (2)(22¢) = 58¢ = % - %
(b) EY) = 2 2y = Zy[Zf(x, y)}
. . 78 13
= (0)(6¢c) + (1)O9c) + 2)(12¢) + (3)(15¢) = T8¢ = no 7

© EXY) = 2 D xyf(x,y)

= (0)(0)(0) + (O)1)(e) + (0)(2)(2c) + (0)3)(3c)
+ (DO0)(2c) + (HMDBe) + (D(2)(4c) + (1H(3)(5¢c)
T @0)4c) + D(D(G5e) + (2)(2)(6¢) + (2)(3)(Tc)

=102 = 12 = %
() EX) = ;)Exzf(x, ) = ;xz[gﬂx, y)}
= (0)%(6c) + (1)%(14c) + (2)2(22¢) = 102¢ = % = 17—7
@) E(Y) = §§y2f<x, y = ;yz[gﬂx, y)}
= (0)(6c) + (1)29¢) + (2)2(12¢) + (3Y(15¢) = 192¢ = % - %
) o} = Var(9) = EQ®) — [EX)P = 1 - (g?)z -2
6) o} = Var(y) = E) — [EDF = 2 - (173)2 =3
(h) oy = Cov(X, V) = BXY) — EXEY) = 5 - (2?><173> )
) s O ol —20 —0.2103 approx.

b= _ - -
TxXTY\/230/441\/55/49  \/230\V/55

3.26. Work Problem 3.25 if the random variables X and Y are defined as in Problem 2.33, pages 61-63.
Using ¢ = 1/210, we have:

6 5
(@) E(X) = %OJ :J.:O(x)(zx + yyddy = 22
L im0
®) EW) = ig| | oex + avay = 1

E 80
(©) EXY) = mJ J zo(xy)(2x + ydxdy = 7

x=2J)y
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L F 1220
d EX?) = =~ f J 2)2x + y)dxdy = —==>
( ) ( ) 210 2 y:O(x )( X )’) X y 63
© B(r) = o1 J 6 f (D@x + y)dxdy = 1113
210, -, -4 126
2
1220 (268 5036
2 = = - R e
) 0% = Var(X) = EQC) — [EXOP = ~ &3 ( o ) 3950
1175 170 \> 16,225
2 — _ 2 = -2 _ ()] ==
(@ oy = Var(Y) = E(¥) = [EX)P = T5¢ < 63 ) 7938
N 3 B 80 (268\(170) _ _ 200
(h) oyy = Cov(X, Y) = E(XY) — EX)E(Y) = 7 ( 63 >< 63 ) ~ 73069
) Oyy —200/3969 —200
() p= = = = —0.03129 approx.
TXTy - 7\/5036/3969V/16,225/7938  \/2518\/16,225

Conditional expectation, variance, and moments
3.27. Find the conditional expectation of Y given X = 2 in Problem 2.8, pages 47—48.

As in Problem 2.27, page 58, the conditional probability function of Y given X = 2 is

4+
f()’|2)=7y

Then the conditional expectation of Y given X = 2 is
4 +y
EY|X=2) = %:Y<22>
where the sum is taken over all y corresponding to X = 2. This is given by

EY|X =2) = <0><242> + 1(252) + 2(262> + 3<272> -2

3.28. Find the conditional expectation of (a) Y given X, (b) X given Y in Problem 2.29, pages 58-59.

% . /9
@ EY|X = X)J yh( [x)dy = J y(f)dy = %
% 0 X
_ _ | _ ! 2x
(b) EX|Y=y) = . xfi(x|y)dx = Az © dx
_2(1—y3)_2(1+y+y2)
30 -y 3+

3.29. Find the conditional variance of Y given X for Problem 2.29, pages 58-59.

The required variance (second moment about the mean) is given by

- * 2x 22y x?
EY - wr|X=x=| (- wlhOlody=|(y=-F )3 |d=1g
where we have used the fact that u, = E(Y|X = x) = 2x/3 from Problem 3.28(a).

Chebyshev’s inequality
3.30. Prove Chebyshev’s inequality.

We shall present the proof for continuous random variables. A proof for discrete variables is similar if integrals
are replaced by sums. If f(x) is the density function of X, then

o

o’ = E[(X — w’l = J, (@ = w¥(x)dx
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Since the integrand is nonnegative, the value of the integral can only decrease when the range of integration is
diminished. Therefore,

o= J‘ ‘ x — W) dx = J ef(x)dx = Ezj\ I f(x)dx
X—pul =€

‘X*[J.‘ZE x—ul =€

But the last integral is equal to P(|X — w| = €). Hence,
o2
P(|X — ] ==

3.31. For the random variable of Problem 3.18, (a) find P(|X — w| > 1). (b) Use Chebyshev’s inequality to ob-
tain an upper bound on P(| X — u| > 1) and compare with the result in (a).

(a) From Problem 3.18, u = 1/2. Then

_ _1 —pl 1 3
P(|X—,LL|<1)—P(‘X 2‘<1)—P< 2<x<2>

3/2
= j 2e%dx =1 —e73
0

Therefore P(‘X — ;‘ = 1> =1—(1—e3) =e3=0.04979
(b) From Problem 3.18, 02 = uj — u? = 1/4. Chebyshev’s inequality with € = 1 then gives

P(|X—pu|l =1)=02=025

Comparing with (a), we see that the bound furnished by Chebyshev’s inequality is here quite crude. In practice,
Chebyshev’s inequality is used to provide estimates when it is inconvenient or impossible to obtain exact values.

Law of large numbers
3.32. Prove the law of large numbers stated in Theorem 3-19, page 83.

We have EX)=EX) = - =EX)=pn
Var(X,) = Var(X,) = --- = Var(X,)) = o2
Then E(i") = E<X1+n+X"> = %[E(X,) + -+ EX,)] = %(nu) =W
Var(S,) = Var(X;, + -+ + X)) = Var(X)) + - + Var(X,) = no?
so that Var (i") = #Var(Sn) = %2

where we have used Theorem 3-5 and an extension of Theorem 3-7.
Therefore, by Chebyshev’s inequality with X = S, /n, we have

Taking the limit as n — o, this becomes, as required,

. SV!
EEI;P T M =€ | =0

Other measures of central tendency

3.33. The density function of a continuous random variable X is

4x9 — x?)/81 0=x=3
0 otherwise

fx) = {

(a) Find the mode. (b) Find the median. (¢) Compare mode, median, and mean.
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(a) The mode is obtained by finding where the density f(x) has a relative maximum. The relative maxima of
f(x) occur where the derivative is zero, i.e.,

d[4x(9 - xz)} _ 36— 1222

dx 81 81 =0

Then x = V3 = 1.73 approx., which is the required mode. Note that this does give the maximum since
the second derivative, —24x/81, is negative for x = V3.

(b) The median is that value a for which P(X =< a) = 1/2. Now, for 0 < a < 3,

_ A o oy = A (% _a
P(XSa)—81JOX(9 x)dx—81<2 4>
Setting this equal to 1/2, we find that
2a* — 36a2 + 81 =0

from which

+ V(36) — 481 +
oo 36 VGO~ 48D 36 = Veds _ 9,/

2(2) B 4 2

Therefore, the required median, which must lie between 0 and 3, is given by

at = —%\/E

from which a = 1.62 approx.

3
= 1.60
0

4 x>

3
© E(X) = g¢ f 29 — ) dx = 81<3x3 - 5)
0

which is practically equal to the median. The mode, median, and mean are shown in Fig. 3-6.

J &)

Median = 1.62
| Mean = 1.60\ Mode =3
! !
1 2 3 X
Fig. 3-6

3.34. A discrete random variable has probability function f(x) = 1/2x where x = 1, 2, . .. . Find (a) the mode,
(b) the median, and (c) compare them with the mean.

(a) The mode is the value x having largest associated probability. In this case it is x = 1, for which the
probability is 1/2.

(b) If x is any value between 1 and 2, P(X < x) = %and PX >x) = % Therefore, any number between 1 and
2 could represent the median. For convenience, we choose the midpoint of the interval, i.e., 3/2.

(c) As found in Problem 3.3, u = 2. Therefore, the ordering of the three measures is just the reverse of that in
Problem 3.33.
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Percentiles
3.35. Determine the (a) 10th, (b) 25th, (c) 75th percentile values for the distribution of Problem 3.33.

From Problem 3.33(b) we have

2 4 2 _ 4
o= = (- ) - e

(a) The 10th percentile is the value of @ for which P(X =< a) = 0.10, i.e., the solution of (1842 — a*)/81 = 0.10.
Using the method of Problem 3.33, we find a = 0.68 approx.

(b) The 25th percentile is the value of @ such that (1842 — a#)/81 = 0.25, and we find a = 1.098 approx.

(c) The 75th percentile is the value of a such that (1842 — a*)/81 = 0.75, and we find a = 2.121 approx.

Other measures of dispersion

3.36. Determine, (a) the semi-interquartile range, (b) the mean deviation for the distribution of Problem 3.33.

(a) By Problem 3.35 the 25th and 75th percentile values are 1.098 and 2.121, respectively. Therefore,
Semi-interquartile range = w = 0.51 approx.

(b) From Problem 3.33 the meanis u = 1.60 = 8/5. Then

Mean deviation = M.D.=E(|X — u|) = J [x — wlfx)dx

8/5 3
= jo <§ — x>|:g)lc(9 — xz):|dx + L/5<x - 2)[3)16(9 — xz):|dx

= 0.555 approx.

Skewness and kurtosis
3.37. Find the coefficient of (a) skewness, (b) kurtosis for the distribution of Problem 3.19.

From Problem 3.19(b) we have

, 11 3R 3693

7" 725 M7 Tg7s M T R750

M3
3

(a) Coefficient of skewness = a; = P —0.1253

My

(b) Coefficient of kurtosis = a, = o =2.172

It follows that there is a moderate skewness to the left, as is indicated in Fig. 3-6. Also the distribution is
somewhat less peaked than the normal distribution, which has a kurtosis of 3.

Miscellaneous problems

3.38. If M(¢) is the moment generating function for a random variable X, prove that the mean is u = M'(0) and
the variance is 02 = M"(0) — [M'(0)]2.

From (32), page 79, we have on letting » = 1 and r = 2,
po=MO) = MO
Then from (27)

w=M©O)  p,=0>=M0) — [MO)]
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3.39.

3.40.

341.

Let X be a random variable that takes on the values x, = k with probabilities p, where k = =1, ..., * n.
(a) Find the characteristic function ¢(w) of X, (b) obtain p, in terms of ¢(w).

(a) The characteristic function is

7 123
blw) = K@) = X eonp = 3 et

k=—n k=—n

(b) Multiply both sides of the expression in (a) by e~¥* and integrate with respect to w from 0 to 27r. Then

2 n 2
J e~ iop(w)dw = 2 ka elk=Dody = 27p;
w=0 0

- il P
piltk—jo |27
since JZ# elb-pody = { k=P |y~ 0 k#J
0=0 2 k=j
| -
Therefore, P=50 f wzoe"f“’qﬁ(w)dw

or, replacing j by k,

1 2 )
Pe =50 J e~ *ed(w)dw

w=0

We often call 3}__, p,e* (where n can theoretically be infinite) the Fourier series of ¢(w) and p, the
Fourier coefficients. For a continuous random variable, the Fourier series is replaced by the Fourier integral
(see page 81).

Use Problem 3.39 to obtain the probability distribution of a random variable X whose characteristic func-
tion is ¢(w) = cosw.

From Problem 3.39

= 1 o —ikw
Pr = 2WJw:oe coswdw
B O e e
= zijzoe 3 dw
1 2 ] 1 2 ]
- el(l*k)wdw + — e*l(l+k)wdw
4 w=0 4m w=0

Ifk=1,wefind p, = %; ifk=—1,wefindp_, = % For all other values of k, we have p, = 0. Therefore, the
random variable is given by

- { 1 probability 1/2
—1 probability 1/2
As a check, see Problem 3.20.

Find the coefficient of (a) skewness, (b) kurtosis of the distribution defined by the normal curve, having
density

1 —2/2
f(x)z e~/ —o00 < x < ®©
\V 2

(a) The distribution has the appearance of Fig. 3-7. By symmetry, u; = w = 0 and 5 = 0. Therefore the
coefficient of skewness is zero.
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S)

Fig. 3-7
(b) We have

1 * > 2 * >
uh, = EX?) = 74[ x2e 12 dx = 7J X%~/ dx
Vo

V2 ) —e 27 J0

2 rl B
=——| V2 vdv
Vo

2 3 2 141
Ve \2)TVE 2
where we have made the transformation x2/2 = v and used properties of the gamma function given in (2) and

(5) of Appendix A. Similarly we obtain

wy = E(XY = \/]74[ Xte ™12 dx = \/227,[ xXte ™2 dx
'

2 ) 0

= ij v32e~V dv
o

|
S
3
—
7N
N
"
Il
S
3
\ST[O%}
N —
—
7N
N —
~
Il
w

Now

o = EI(X — pPl = EQX)? = py = 1
ps = EIX — w*] = E(X9)

Il
=
s

Il

w

Thus the coefficient of kurtosis is
My

3.42. Prove that —1 = p = 1 (see page 82).
For any real constant c, we have
E[{Y —py—cX—w)}1=0
Now the left side can be written

E[(Y — up)?] + E[(X — py)?l — 2cE[(X — p)(Y — py)] = 03 + 2oy — 2coyy

2co
2 o o2 . ZETXY
oy, + 0'X<c 3

Oy
2 2
g g
XY XY
=0+ o3l ——55 ) ——=F
Y X 0.2 0.2
X X
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In order for this last quantity to be greater than or equal to zero for every value of ¢, we must have
2

o
ool — 0% =0 or 2):;2 =1
X7y
which is equivalentto p> = lor —1 = p = 1.

SUPPLEMENTARY PROBLEMS
Expectation of random variables

—2 prob. 1/3
3.43. A random variable X is defined by X = 3 prob. 1/2. Find (a) E(X), (b) EQX + 5), (c) E(X?).

1 prob.1/6

3.44.

3.45.

3.46.

3.47.

3.48.

3.49.

3.50.

3.51.

3.52.

32 0=x=1

Let X be a random variable defined by the density function f(x) = { L.
0 otherwise

Find (a) E(X), (b) E(3X — 2), (c) E(X?).

e x=0

The density function of a random variable X is f(x) = { .
0 otherwise

Find (a) E(X), (b) E(X?), (c) E[(X — 1)2].

What is the expected number of points that will come up in 3 successive tosses of a fair die? Does your answer
seem reasonable? Explain.

Y=o
¢ =" Find E(e23).

A random variable X has the density function f(x) = {
0 x <0

Let X and Y be independent random variables each having density function

27 3y =0

0 otherwise

J(w) :{

Find (a) E(X + Y), (b) E(X2 + Y?), (c) E(XY).
Does (a) EXX + Y) = E(X) + E(Y), (b) E(XY) = E(X)E(Y), in Problem 3.48? Explain.

Let X and Y be random variables having joint density function

Ixx+y) 0=x=10=y=2
0 otherwise

fxy) ={

Find (a) E(X), (b) E(Y), (c) E(X + Y), (d) E(XY).
Does (a) E(X + Y) = E(X) + E(Y), (b) E(XY) = E(X)E(Y), in Problem 3.50? Explain.

Let X and Y be random variables having joint density

dxy 0=x=1,0=y =1

0 otherwise

fey) = {

Find (a) E(X), (b) E(Y), (c) E(X + Y), (d) E(XY).



3.53.

3.54.

3.55.

3.56.

CHAPTER 3 Mathematical Expectation

Does (a) E(X + Y) = E(X) + E(Y), (b) E(XY) = E(X)E(Y), in Problem 3.52? Explain.

2x+y) 0=x=10=y=2

. . Find (a) E(X), (b) E(Y), (¢) E(X?), (d) E(Y?),
0 otherwise

Letf(x,y) = {

(e) EX +7Y), (f) EXY).

Let X and Y be independent random variables such that

X_{l prob. 1/3 _{ 2 prob.3/4
0 prob.2/3 —3  prob. 1/4

Find (a) EG3X + 2Y), (b) E2X2 — Y2), (c) E(XY), (d) E(X2Y).

Let X,, X, . . ., X, be n random variables which are identically distributed such that
1 prob. 1/2
X, = 2 prob. 1/3
—1 prob. 1/6

Find (@) EX, + X, + - + X,), ®) EX} + X5 + -+ + X2).

Variance and standard deviation

3.57.

3.58.

3.59.

3.60.

3.61.

3.62.

Find (a) the variance, (b) the standard deviation of the number of points that will come up on a single toss of a
fair die.

Let X be a random variable having density function

1/4 -2=x=2
0 otherwise

0=

Find (a) Var(X), (b) oy
Let X be a random variable having density function

e x=0
f(x)={

0 otherwise

Find (a) Var(X), (b) oy.
Find the variance and standard deviation for the random variable X of (a) Problem 3.43, (b) Problem 3.44.
A random variable X has E(X) = 2, E(X?) = 8. Find (a) Var(X), (b) ay.

If a random variable X is such that E[(X — 1)2] = 10, E[(X — 2)?] = 6 find (a) E(X), (b) Var(X), (c) 0.

Moments and moment generating functions

3.63.

Find (a) the moment generating function of the random variable

_{ 1/2  prob.1/2
—1/2  prob. 1/2

and (b) the first four moments about the origin.
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3.64. (a) Find the moment generating function of a random variable X having density function

f(x):{x/z 0=x=2

0 otherwise

(b) Use the generating function of (a) to find the first four moments about the origin.
3.65. Find the first four moments about the mean in (a) Problem 3.43, (b) Problem 3.44.

3.66. (a) Find the moment generating function of a random variable having density function
et x=0
0 otherwise

fo) = {

and (b) determine the first four moments about the origin.
3.67. In Problem 3.66 find the first four moments about the mean.

1/b—a) a=x=

b
. . Find the kth moment about (a) the origin,
0 otherwise

3.68. Let X have density function f(x) = {

(b) the mean.

3.69. If M(¢) is the moment generating function of the random variable X, prove that the 3rd and 4th moments about
the mean are given by
uy = M"(0) — 3M"(0O)M'(0) + 2[M'(0)]?
py = M™0) — 4M"(O)M'(0) + 6M"(0)[M'(0)]* — 3[M'(0)]*

Characteristic functions
a prob.p

3.70. Find the characteristic function of the random variable X = { .
b prob.g=1-—-p

3.71. Find the characteristic function of a random variable X that has density function

1/2a |x|=a
0 otherwise

Jfx) ={

3.72. Find the characteristic function of a random variable with density function

x/2 0=x=2
0 otherwise

o=

1 prob. 1/2
—1 prob. 1/2
function of the random variable

3.73. Let X, = { be independent random variables (k = 1, 2, . . ., n). Prove that the characteristic

X, +X + 0 +X

= n

is [cos (w/ V)]

3.74. Prove that as n — o the characteristic function of Problem 3.73 approaches e~“"/2, (Hint: Take the logarithm of
the characteristic function and use L’Hospital’s rule.)
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Covariance and correlation coefficient

3.75. Let X and Y be random variables having joint density function

xt+ty 0=x=1,0=y=1
0 otherwise

fox,y) = {

Find (a) Var(X), (b) Var(Y), (c) oy, (d) oy, (€) oyys (F) p.

et x=0,y=0

3.76. Work Problem 3.75 if the joint density function is f(x, y) = { ;
0 otherwise

3.77. Find (a) Var(X), (b) Var(Y), (c) oy, (d) gy, (€) ayy, (f) p, for the random variables of Problem 2.56.
3.78. Work Problem 3.77 for the random variables of Problem 2.94.

3.79. Find (a) the covariance, (b) the correlation coefficient of two random variables X and Y if E(X) = 2, E(Y) = 3,
EXY) = 10, E(X2) = 9, E(Y?) = 16.

3.80. The correlation coefficient of two random variables X and Y is —; while their variances are 3 and 5. Find the
covariance.

Conditional expectation, variance, and moments
3.81. Let X and Y have joint density function

x+y 0=x=1,0=y=1
0 otherwise

feoy) = {

Find the conditional expectation of (a) Y given X, (b) X given Y.

2e 0 x =0,y =0

3.82. Work Problem 3.81 if f(x, y) = { .
0 otherwise

3.83. Let X and Y have the joint probability function given in Table 2-9, page 71. Find the conditional expectation of
(a) Y given X, (b) X given Y.

3.84. Find the conditional variance of (a) Y given X, (b) X given Y for the distribution of Problem 3.81.
3.85. Work Problem 3.84 for the distribution of Problem 3.82.
3.86. Work Problem 3.84 for the distribution of Problem 2.94.

Chebyshev’s inequality

3.87. A random variable X has mean 3 and variance 2. Use Chebyshev’s inequality to obtain an upper bound for
@P(|X-3|=2),b)P(|X—-3|=1).

3.88. Prove Chebyshev’s inequality for a discrete variable X. (Hint: See Problem 3.30.)

3.89. A random variable X has the density function f(x) = %e—m, —o0 < x < o, (a) Find P(| X — u| > 2). (b) Use
Chebyshev’s inequality to obtain an upper bound on P(|X — u| > 2) and compare with the result in (a).
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Law of large numbers

3.90. Show that the (weak) law of large numbers can be stated as

. S,
}LHO’QIP ok <e]=1

and interpret.

391. Let X, (k=1,...,n)benindependent random variables such that

1 prob. p
X, = o
0 prob.g=1-p

(a) If we interpret X, to be the number of heads on the kth toss of a coin, what interpretation can be given to
S, =X+ - +X.?

(b) Show that the law of large numbers in this case reduces to

. Sy
’!LIEP 7 —pl=e]=0

and interpret this result.

Other measures of central tendency

3.92. Find (a) the mode, (b) the median of a random variable X having density function

e x=0

0 otherwise

f(x)={

and (c) compare with the mean.

3.93. Work Problem 3.100 if the density function is

) {4x(1 -x) 0=x=1
X) =
0 otherwise
3.94. Find (a) the median, (b) the mode for a random variable X defined by
2 b. 1/3
o { prob. 1/

—1 prob.2/3
and (c) compare with the mean.

3.95. Find (a) the median, (b) the mode of the set of numbers 1, 3, 2, 1, 5, 6, 3, 3, and (c) compare with the mean.

Percentiles
3.96. Find the (a) 25th, (b) 75th percentile values for the random variable having density function

20 —x) 0=x=1
0 otherwise

fx) = {

3.97. Find the (a) 10th, (b) 25th, (c) 75th, (d) 90th percentile values for the random variable having density function

cx—x) 0<x<l1
0 otherwise

J) ={

where ¢ is an appropriate constant.

Other measures of dispersion

3.98. Find (a) the semi-interquartile range, (b) the mean deviation for the random variable of Problem 3.96.

3.99. Work Problem 3.98 for the random variable of Problem 3.97.
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3.100. Find the mean deviation of the random variable X in each of the following cases.

e x=0 (b)f(x)=; o< x< ®

(@ fx) = { w(l + x2)’

0 otherwise

3.101. Obtain the probability that the random variable X differs from its mean by more than the semi-interquartile
range in the case of (a) Problem 3.96, (b) Problem 3.100(a).

Skewness and kurtosis
3.102. Find the coefficient of (a) skewness, (b) kurtosis for the distribution of Problem 3.100(a).

3.103. If

) = C<1_%) =

0 |x| >a

where c is an appropriate constant, is the density function of X, find the coefficient of (a) skewness,
(b) kurtosis.

3.104. Find the coefficient of (a) skewness, (b) kurtosis, for the distribution with density function

) {)\e‘k‘ x=0
X =
0 x <0

Miscellaneous problems

3.105. Let X be a random variable that can take on the values 2, 1, and 3 with respective probabilities 1/3, 1/6, and
1/2. Find (a) the mean, (b) the variance, (c) the moment generating function, (d) the characteristic function,
(e) the third moment about the mean.

3.106. Work Problem 3.105 if X has density function
cl—x) 0<x<1
o=

0 otherwise

where c is an appropriate constant.
3.107. Three dice, assumed fair, are tossed successively. Find (a) the mean, (b) the variance of the sum.

3.108. Let X be a random variable having density function

cx 0=x=2

0  otherwise

Jfx) ={

where c is an appropriate constant. Find (a) the mean, (b) the variance, (c) the moment generating function,
(d) the characteristic function, (e) the coefficient of skewness, (f) the coefficient of kurtosis.

3.109. Let X and Y have joint density function

cxy 0<x<1,0<y<l1
0 otherwise

fx,y) = {
Find (a) EQX + Y2), (b) ECVXE + Y2).

3.110. Work Problem 3.109 if X and Y are independent identically distributed random variables having density
function f(u) = 2m)~ V2 /2, —00 < y < oo,
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3.111. Let X be a random variable having density function

I —1<x<i1
0 otherwise

o=

and let Y = X2. Find (a) E(X), (b) E(Y), (c) E(XY).

ANSWERS TO SUPPLEMENTARY PROBLEMS

3.43.

3.45.

3.48.

3.50.

3.52.

3.54.

3.55.

3.56.

3.58.

3.60.

3.61.

3.63.

3.64.

3.65.

3.66.

3.67.

3.68.

3.70.

@1l d7 (©6

@1 ®2 (o1 3.46. 10.5

@l b1l (©1/4

3.44. (2)3/4 (b)1/4 (c)3/5

347. 3

(a)7/10 (b)6/5 (c)19/10 (d)5/6

(@)2/3 (b)2/3

(©4/3 (d)4/9

@7/12 (b)7/6 ()5/12 @)5/3 (e)7/4 (£)2/3

@)5/2 (b)-55/12 (c)1/4 (d)1/4

(ayn (b)2n

3.57. (a)35/12 (b) V'35/12

()4/3 (b) V43  3.59. (a) 1

b1

(@) Var(X)=5,04 = V5 (b) Var(X) = 3/80, oy = V15/20

(a4 (b)2

3.62. @)7/2 (b)15/4 (c) V15/2

(a) 3(e”? + e7?) = cosh(t/2) (byp =0, uh = L,y =0, = 1

(@) (1 + 2te2 — e2) /212

(b) o = 4/3, ) = 2,4 = 16/5, pufy = 16/3

@u =0, =5 u;=-=5pu, =35 (b)p, =0,u,=3/80, u; = —121/160, u, = 2307/8960

(a) 1/(1 — 1), It]

My =0,y =1,

<1 (b= 1lpuh=2ps=06p =24

By = 2,y = 33

(a) (Dl —ak+l)/(k + 1)(b —a) (b) [1 + (=DK(b — a)f/2k+1(k + 1)

peiwa + qeimb

3.71. (sinaw)/aw

3.72. (e¥@ — 2iwe?® — 1)/2w?
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3.75. (a) 11/144 (b) 11/144 (c) V11/12 (d) V11/12 (e)-1/144 (f)-1/11

376. @1 ()1 (©1 (1 (@0 (f)o

3.77. (a) 73/960 (b) 73/960 (c) V73/960 (d) V73/960 (e)-1/64 (f)-15/73
3.78. (a) 233/324 (b)233/324 (c) V233/18 (d) V233/18 (e)-91/324 (f)-91/233
3.79. @4 (b)4/V35  3.80. —\V15/4

381. (a) Bx +2)/(6x +3)for0=x=1 (b)By+2)/(6y +3)for0=y=1

3.82. (a)1/2forx=0 (b)lfory=0

3.83. b
@My o 1] 2] ® Y o |1 | 2
EY|x) | 4/3 | 1 |57 EX|v | 4/3 |7/6 | 1)2
6x2 + 6x + 1 6y? + 6y +1
3.84. (a) 718(2)6 + 1)y for 0=x=1 (b) 182y + 1) for 0=y=1
385 (1/9 ()1
3.86. (a) X 0o |1 2 ®) Y 0 1 2
Var(Y|X) | 5/9 |4/5 |24/49 Var(X|Y) | 5/9 | 29/36 | 7/12

3.87. (a)1/2 (b)2 (useless)  3.89. (a)e2 (b)0.5

392.@+0 M2 ©1 393 @173 ®V1-(1/VD (©8/15
3.94. (a) does notexist (b)—1 ()0  3.95. (3 (b)3 (c)3

3.96. ()1 —3V3 (b)1/2

397. @ V1 - G/VI0) & V1-(V32) ©VIZ @ V- 1/
398. ()1 (b)(V3 — 1)/4 (c)16/81

3.99. ()1 (b)0.17 (c)0.051  3.100. (a) 1 — 2e-! (b) does not exist
3.101. (a) (5 — 2V3)/3 (b)) (3 — 2¢7'V3)/3

3102. (2 ()9  3.103. (2)0 (b)24/5¢  3.104. (a)2 (b)9
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3.105. (a)7/3 (b)5/9 (c) (ef + 22 + 3e3)/6  (d) (e + 2e%® + 3e%@) /6 (e) —7/27

3.106.

3.107.

3.108.

3.109.

3.110.

3.111.

@1/3 (b)1/18 ()2 —1— /2 (d) =2 — 1 — iw)/w? (e)1/135

(a)21/2 (b)35/4

@4/3 ()2/9 () (1 + 2t — e2) /212
(e) —2V18/15 () 12/5

(@1 (b)82V2 - 1/15
(@2 (b)V2m/2

@0 1/3 ()0

d) —(1 + 2iwere — ev) 20
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Special Probability
Distributions

The Binomial Distribution

Suppose that we have an experiment such as tossing a coin or die repeatedly or choosing a marble from an urn
repeatedly. Each toss or selection is called a trial. In any single trial there will be a probability associated with
a particular event such as head on the coin, 4 on the die, or selection of a red marble. In some cases this proba-
bility will not change from one trial to the next (as in tossing a coin or die). Such trials are then said to be inde-
pendent and are often called Bernoulli trials after James Bernoulli who investigated them at the end of the
seventeenth century.

Let p be the probability that an event will happen in any single Bernoulli trial (called the probability of success).
Then g = 1 — p is the probability that the event will fail to happen in any single trial (called the probability of
failure). The probability that the event will happen exactly x times in 7 trials (i.e., successes and n — x failures
will occur) is given by the probability function

|

— — = n X AN—X — n: n—x
f(x) - P(X - x) - (x)pq x!(n — x)!pxq (l)
where the random variable X denotes the number of successes in n trialsand x =0, 1, ..., n.

EXAMPLE 4.1 The probability of getting exactly 2 heads in 6 tosses of a fair coin is

2 6—2 2 6—2
6\(1 1 6! (1 1 15
- - B0 -

The discrete probability function (1) is often called the binomial distribution since forx =0, 1,2, ..., n, it
corresponds to successive terms in the binomial expansion

n n “ n
(C] + p)n — qn + ( >qn1p + <2)qn2p2 + e 4 pn — E (x>panx (2)

1 x=0

The special case of a binomial distribution with n = 1 is also called the Bernoulli distribution.

Some Properties of the Binomial Distribution
Some of the important properties of the binomial distribution are listed in Table 4-1.




CHAPTER 4 Special Prohability Distributions

Table 4-1
Mean n=np
Variance 02 = npq
Standard deviation o = Vnpq
Coefficient of skewness oy = 17
N
1 — 6pg
Coefficient of kurtosis o, =3+ “hpg
Moment generating function M(t) = (g + pe)"
Characteristic function d(w) = (g + pe©y

EXAMPLE 4.2 1In 100 tosses of a fair coin, the expected or mean number of heads is w = (100)(%) = 50 while the

standard deviationis o = V (100)(%)(%) = 3.

The Law of Large Numbers for Bernoulli Trials

The law of large numbers, page 83, has an interesting interpretation in the case of Bernoulli trials and is presented
in the following theorem.

Theorem 4-1 (Law of Large Numbers for Bernoulli Trials): Let X be the random variable giving the num-
ber of successes in # Bernoulli trials, so that X/7 is the proportion of successes. Then if p is the
probability of success and € is any positive number,

e[ X = p| =€) =0 ®

In other words, in the long run it becomes extremely likely that the proportion of successes, X/n, will be as
close as you like to the probability of success in a single trial, p. This law in a sense justifies use of the empirical
definition of probability on page 5. A stronger result is provided by the strong law of large numbers (page 83),
which states that with probability one, li_r)rolc X/n = p, i.e., X/n actually converges to p except in a negligible
number of cases. !

The Normal Distribution

One of the most important examples of a continuous probability distribution is the normal distribution, some-
times called the Gaussian distribution. The density function for this distribution is given by

fx) =

e~—w2er —o0 < x < ® ()
oV 2w

where u and o are the mean and standard deviation, respectively. The corresponding distribution function is

given by

Fx) = PX=x) = 1 J e~ W=w20° dy 5)
oV

If X has the distribution function given by (5), we say that the random variable X is normally distributed with mean
w and variance o2.
If we let Z be the standardized variable corresponding to X, i.e., if we let

X_
z="_F ©)
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then the mean or expected value of Z is 0 and the variance is 1. In such cases the density function for Z can be
obtained from (4) by formally placing u = 0 and o = 1, yielding

1

v

f@) = e~ @)

This is often referred to as the standard normal density function. The corresponding distribution function is given by

1 [ 1 1 [
F@)=PZ=2=——| e“Pdu=+——| " d 8
() =PZ=2) mJ_me u=: \/ﬁjee u )

‘We sometimes call the value z of the standardized variable Z the standard score. The function F(z) is related to
the extensively tabulated error function, erf(z). We have

2 |f 1 Z
erf(z =J e du and F(z ={1 +erf<>} 9
== @ =5 5 ©)
A graph of the density function (7), sometimes called the standard normal curve, is shown in Fig. 4-1. In this
graph we have indicated the areas within 1, 2, and 3 standard deviations of the mean (i.e., between z = —1

and +1,z= —2and +2, z = —3 and +3) as equal, respectively, to 68.27%, 95.45% and 99.73% of the total
area, which is one. This means that

P(—1=Z=1)=0.6827, P(—2=27Z=2)=0.9545, P(-3=72=3)=0.9973 (10)

/@)

0.4

| |

| |

| |

| |

| |

| |

| |

| |

| |

| |

| |
-1 0 1
~ 68.27% —
95.45%
99.73%

Fig. 4-1

A table giving the areas under this curve bounded by the ordinates at z = 0 and any positive value of z is given
in Appendix C. From this table the areas between any two ordinates can be found by using the symmetry of the
curve about z = 0.

Some Properties of the Normal Distribution
In Table 4-2 we list some important properties of the general normal distribution.

Table 4-2

Mean "

Variance o?

Standard deviation o
Coefficient of skewness a; =0
Coefficient of kurtosis a, =3

Moment generating function M(t) = eut@?/2)
Characteristic function P(w) = eivo—(02/2)
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Relation Between Binomial and Normal Distributions

If n is large and if neither p nor ¢ is too close to zero, the binomial distribution can be closely approximated by
a normal distribution with standardized random variable given by

X —
z=2"" (11)
Vipg

Here X is the random variable giving the number of successes in n Bernoulli trials and p is the probability of suc-
cess. The approximation becomes better with increasing n and is exact in the limiting case. (See Problem 4.17.)
In practice, the approximation is very good if both np and nq are greater than 5. The fact that the binomial dis-
tribution approaches the normal distribution can be described by writing

limP(a _Xomw_ b) - 1Jb e dy (12)
WP\ g =) V.

In words, we say that the standardized random variable (X — np)/V npq is asymptotically normal.

The Poisson Distribution

Let X be a discrete random variable that can take on the values O, 1, 2, . . . such that the probability function of
X is given by
_ _ oy A _
fx) = PX =x) = o x=0,12,... (13)

where A is a given positive constant. This distribution is called the Poisson distribution (after S. D. Poisson, who
discovered it in the early part of the nineteenth century), and a random variable having this distribution is said
to be Poisson distributed.

The values of f(x) in (13) can be obtained by using Appendix G, which gives values of e~* for various values
of A.

Some Properties of the Poisson Distribution
Some important properties of the Poisson distribution are listed in Table 4-3.

Table 4-3
Mean mw=A
Variance 2= A
Standard deviation o=V
Coefficient of skewness a,=1/VA

Coefficient of kurtosis a, =3+ (1/))
Moment generating function M(r) = eMe=D
Characteristic function P(w) = eMe"—D

Relation Between the Binomial and Poisson Distributions

In the binomial distribution (1), if n is large while the probability p of occurrence of an event is close to
zero, so that ¢ = 1 — pis close to 1, the event is called a rare event. In practice we shall consider an event
as rare if the number of trials is at least 50 (n = 50) while np is less than 5. For such cases the binomial dis-
tribution is very closely approximated by the Poisson distribution (13) with N = np. This is to be expected
on comparing Tables 4-1 and 4-3, since by placing A\ = np, ¢ = 1, and p = 0 in Table 4-1, we get the results
in Table 4-3.
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Relation Between the Poisson and Normal Distributions

Since there is a relation between the binomial and normal distributions and between the binomial and Poisson
distributions, we would expect that there should also be a relation between the Poisson and normal distributions.
This is in fact the case. We can show that if X is the Poisson random variable of (13) and (X — A)/ /A is the cor-
responding standardized random variable, then

limP<a =X-A_ b) = ]r e w2 dy (14)
A VA V21 )a

i.e., the Poisson distribution approaches the normal distribution as A — « or (X — X)/V/A is asymptotically
normal.

The Central Limit Theorem

The similarity between (12) and (14) naturally leads us to ask whether there are any other distributions besides
the binomial and Poisson that have the normal distribution as the limiting case. The following remarkable theo-
rem reveals that actually a large class of distributions have this property.

Theorem 4-2 (Central Limit Theorem) Let X, X,, . . ., X, be independent random variables that are iden-
tically distributed (i.e., all have the same probability function in the discrete case or density
function in the continuous case) and have finite mean w and variance o2 Then if S, = X, +
X+ +X (n=12...),

li P( - Sn - nuy - b> 1 Jb -2 g (15)
m < — < = — u
e \ 9 aVn Vor).© .

that is, the random variable (S, — nuw)/o /i, which is the standardized variable corresponding
to S,, is asymptotically normal.

The theorem is also true under more general conditions; for example, it holds when X, X, . . . , X, are independ-
ent random variables with the same mean and the same variance but not necessarily identically distributed.

The Multinomial Distribution

Suppose that events A}, A,, . . . , A, are mutually exclusive, and can occur with respective probabilities p,, p,, . . . ,
pywherep, + p, + -+ + p, = 1.If X, X,, ..., X, are the random variables respectively giving the number
of times that A, A,, . . ., A, occur in a total of n trials, so that X, + X, + --- + X, = n, then

n
P(Xl = nl’XZ = Ny, ... 9Xk = nk) = nl!nz! .. nk!p'illpﬁz o p%‘ (16)

where n; + n, + - -+ + n;, = n, is the joint probability function for the random variables X|, . . . , X,.
This distribution, which is a generalization of the binomial distribution, is called the multinomial distribution
since (16) is the general term in the multinomial expansion of (p, + p, + -+ + p ).

EXAMPLE 4.3 If a fair die is to be tossed 12 times, the probability of getting 1, 2, 3, 4, 5 and 6 points exactly twice
each is

120 (PO _ 1925
PG =25 =2 X =2 = Jpppnn (6) <E> <6> (6) <E> <6) = 550,872 — 000344

The expected number of times that A,, A, . . ., A, will occur in n trials are np,, np,, . . . , np, respectively, i.e.,

E(X,) = np,, E(X,) = np,, e, E(X,) = np, (17)

The Hypergeometric Distribution

Suppose that a box contains b blue marbles and r red marbles. Let us perform # trials of an experiment in which
a marble is chosen at random, its color is observed, and then the marble is put back in the box. This type of ex-
periment is often referred to as sampling with replacement. In such a case, if X is the random variable denoting
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the number of blue marbles chosen (successes) in # trials, then using the binomial distribution (1) we see that
the probability of exactly x successes is

. . n bxrnfx .
P(X—x)—(x)(b+r)n, x=0,1,...,n (18)

sincep=>b/(b+r),q=1—p=r/(b+r).
If we modify the above so that sampling is without replacement, i.e., the marbles are not replaced after being

Chosen, then
X n—Xx

PX =x) = , x=max 0,n — 1), ..., (19)
(b + r) min (n, b)
n
This is the hypergeometric distribution. The mean and variance for this distribution are
b , nbr(b + r — n)
R+ T Tt 20)

If we let the total number of blue and red marbles be N, while the proportions of blue and red marbles are p and
q = 1 — p, respectively, then

__b _ b —_r _r - =
P=p+r N 9Tb+r N O b=N r=Ng @h

(VG

so that (19) and (20) become, respectively,

PX=y)=—2+ = 22
( < N) (22)
n
npg(N — n)
= P
p=mp, o=y (23)
Note that as N — o (or N is large compared with n), (22) reduces to (18), which can be written
n
P =2 =(_|pag 24)
and (23) reduces to
n = np, 02 = npq (25)

in agreement with the first two entries in Table 4-1, page 109. The results are just what we would expect, since
for large N, sampling without replacement is practically identical to sampling with replacement.

The Uniform Distribution
A random variable X is said to be uniformly distributed in a = x =< b if its density function is

1/b—a) a=x=b
= 26
f® {0 otherwise (26)
and the distribution is called a uniform distribution.
The distribution function is given by
0 x<a
Fx)=PX=x)=\x—-a)/b—-—a) a=x<b 27

1 x=b
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The mean and variance are, respectively,

p=3@+b). o= - ay 28)

The Cauchy Distribution

A random variable X is said to be Cauchy distributed, or to have the Cauchy distribution, if the density function
of X is

__a
T(x2 + a?)

Jx) = a>0,—0 < x < ® 29)

This density function is symmetrical about x = 0 so that its median is zero. However, the mean, variance, and
higher moments do not exist. Similarly, the moment generating function does not exist. However, the character-
istic function does exist and is given by

Hw) = e (30)

The Gamma Distribution

A random variable X is said to have the gamma distribution, or to be gamma distributed, if the density func-
tion is

xa—le—x/B
=1 T 7% g0 31)
0 x=0

where I'(«) is the gamma function (see Appendix A). The mean and variance are given by

p=ap,  o2=ap (32)
The moment generating function and characteristic function are given, respectively, by
Mn=0-pn"  dlo)=(1 - Bio)« (33)

The Beta Distribution

A random variable is said to have the beta distribution, or to be beta distributed, if the density function is

G el
fx) = B(a, B) * (o, B > 0) (34)

0 otherwise

where B(a, 3) is the beta function (see Appendix A). In view of the relation (9), Appendix A, between the beta
and gamma functions, the beta distribution can also be defined by the density function

M a—l(l — )B—l 0 < < 1
f) = { T@T @) " * * (35)
0 otherwise
where «, B are positive. The mean and variance are
a apB
= 2 =
Foa+p8 7T @+prl@a+ B+l (36)
For ae > 1, B > 1 there is a unique mode at the value
Xmode — a1 (37)

a+ B —2
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The Chi-Square Distribution

Let X, X,, ..., X, be vindependent normally distributed random variables with mean zero and variance 1. Con-
sider the random variable

X=X+X+ - +X (38)
where x2 is called chi square. Then we can show that for x = 0,

X

1 oo
P(x2=x) = 2‘/2F(v/2)J uv/27 e=u/2 dy 39)

0

and P(y2 = x) = 0 forx <O0.
The distribution defined by (39) is called the chi-square distribution, and v is called the number of degrees of
freedom. The distribution defined by (39) has corresponding density function given by

1 x0/2D-le=x2 x>0

7™ =10 X =0

It is seen that the chi-square distribution is a special case of the gamma distribution with @ = v/2 8 = 2.
Therefore,
o=, o2 =2y, M) = (1 =2t)2, ) = (1 — 2iw)? 41)

For large v(v = 30), we can show that V2y2 — 2y — 1 is very nearly normally distributed with mean 0 and
variance 1.
Three theorems that will be useful in later work are as follows:

Theorem 4-3 LetX,, X,, ..., X, be independent normally distributed random variables with mean O and vari-
ance 1. Then 2 = X2 + X3 + - -+ + X2is chi-square distributed with v degrees of freedom.

Theorem 4-4 Llet U, U,, . .., U, be independent random variables that are chi-square distributed with v,
Vy, ..., v, degrees of freedom, respectively. Then theirsum W = U, + U, + --- + U, is chi-
square distributed with v, + v, + --- + v, degrees of freedom.

Theorem 4-5 Let V, and V, be independent random variables. Suppose that V| is chi-square distributed with
v, degrees of freedom while V =V, + V, is chi-square distributed with v degrees of freedom,
where v > v,. Then V, is chi-square distributed with v — v, degrees of freedom.

In connection with the chi-square distribution, the ¢ distribution (below), the F distribution (page 116),
and others, it is common in statistical work to use the same symbol for both the random variable and a value
of that random variable. Therefore, percentile values of the chi-square distribution for v degrees of freedom
are denoted by x2,, or briefly x2 if v is understood, and not by x, , or x,. (See Appendix E.) This is an am-
biguous notation, and the reader should use care with it, especially when changing variables in density
functions.

Student’s t Distribution

If a random variable has the density function

V()

fo =

2 —(v+1)/2
1+ 5 o << @ (42)

it is said to have Student’s t distribution, briefly the ¢t distribution, with v degrees of freedom. If v is large
(v = 30), the graph of f(¢) closely approximates the standard normal curve as indicated in Fig. 4-2. Percentile
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J@

0.4

Fig. 4-2

values of the 7 distribution for v degrees of freedom are denoted by 7, , or briefly 7, if v is understood. For a
table giving such values, see Appendix D. Since the 7 distribution is symmetrical, #,_, = —1,; for example,

los = ~loos
For the ¢ distribution we have

p=0 and o2=-—" (v>2). (43)

The following theorem is important in later work.

Theorem 4-6 Let Y and Z be independent random variables, where Y is normally distributed with mean 0 and
variance 1 while Z is chi-square distributed with v degrees of freedom. Then the random variable

=Y (44)

Vz/v

has the ¢ distribution with v degrees of freedom.

The F Distribution

A random variable is said to have the F distribution (named after R. A. Fisher) with v, and v, degrees of freedom

if its density function is given by
v, + v
le/Zv;z/Zu(m/z)—l(vz + Vlu)—(v,Jrvz)/z u>0

o ()

0 u=0

Percentile values of the F distribution for v,, v, degrees of freedom are denoted by F),, ,,, or briefly F), if v, v,
are understood. For a table giving such values in the case where p = 0.95 and p = 0.99, see Appendix F.
The mean and variance are given, respectively, by

_ 2v(vy + v, = 2)
vi(v, = H(v, — 2)2

v
pw=—>s@®>2  and (v, > 4) (46)
v, — 2

The distribution has a unique mode at the value

_ (2 v > 2) (47)
Umode Vi vy + 2 Vi
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The following theorems are important in later work.

Theorem 4-7 Let V| and V, be independent random variables that are chi-square distributed with v, and v,
degrees of freedom, respectively. Then the random variable

_ Vi/vi
Va/v,
has the F distribution with v, and v, degrees of freedom.

Theorem 4-8

(48)

1
Fl*p,vz,v, - F

PVisVy

Relationships Among Chi-Square, t, and F Distributions

Theorem 4-9 Fi iy = B
X3
Theorem 4-10 Fpe =7

The Bivariate Normal Distribution

A generalization of the normal distribution to two continuous random variables X and Y is given by the joint den-
sity function

_ 1 (X TN (X TR (Y T e Y T e )\? B
o =it )« () - )

(49)

where —o0 <x <, —o <y < ®;u, u,are the means of X and Y; o, o, are the standard deviations of X
and Y; and p is the correlation coefficient between X and Y. We often refer to (49) as the bivariate normal
distribution.

For any joint distribution the condition p = 0 is necessary for independence of the random variables (see
Theorem 3-15). In the case of (49) this condition is also sufficient (see Problem 4.51).

Miscellaneous Distributions

In the distributions listed below, the constants «, B, a, b, . . . are taken as positive unless otherwise stated. The
characteristic function ¢(w) is obtained from the moment generating function, where given, by letting t = iw.

1. GEOMETRIC DISTRIBUTION.

f(x) = PX =x) = pg! x=12,...
_1 ,_ 1 _ pe
p=p o= MO=7T g

The random variable X represents the number of Bernoulli trials up to and including that in which the first suc-
cess occurs. Here p is the probability of success in a single trial.

2. PASCAL’S OR NEGATIVE BINOMIAL DISTRIBUTION.
x—1
) =PX =x)= < l)p’q“ x=rr+1,..
=
_r ,_ _(_pre Y
w P o 2 M(t) (] ~ e

The random variable X represents the number of Bernoulli trials up to and including that in which the rth suc-
cess occurs. The special case r = 1 gives the geometric distribution.
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3. EXPONENTIAL DISTRIBUTION.
ae~ > x>0
fx) = { 0 c=0

1 1 a
V“ZE O—2=a— M(t)za—l‘

4. WEIBULL DISTRIBUTION.

abxb=le—a x>0

f(x):{o x=0

o= a'/bF(l + ;) o2 = az/b[l"(l + i) - F2(1 + ;)}

5. MAXWELL DISTRIBUTION.
V2/mad/x2e~e/2 x> 0
fx) = { /

0 x=0

mw=2 % 0'22(3—7%)&‘1

SOLVED PROBLEMS

The binomial distribution
4.1. Find the probability that in tossing a fair coin three times, there will appear (a) 3 heads, (b) 2 tails and 1 head,
(c) at least 1 head, (d) not more than 1 tail.

Method 1
Let H denote heads and T denote tails, and suppose that we designate HTH, for example, to mean head on first
toss, tail on second toss, and then head on third toss.
Since 2 possibilities (head or tail) can occur on each toss, there are a total of (2)(2)(2) = 8 possible outcomes,
i.e., sample points, in the sample space. These are
HHH, HHT, HTH, HTT, TTH, THH, THT, TTT
For a fair coin these are assigned equal probabilities of 1/8 each. Therefore,

(a) P(3 heads) = P(HHH) = %

(b) P(2tails and 1 head) = P(HTT U TTH U THT)

= P(HTT) + P(TTH) + P(THT) = « +

oo | —
0| —
0| —
o] KO8

(c) P(atleast 1 head)
= P(1,2,o0r 3 heads)
= P(lhead) + P(2heads) + P(3 heads)
= P(HTT U THT U TTH) + P(HHT U HTH U THH) + P(HHH)

= P(HIT) + P(THT) + P(TTH) + P(HHT) + P(HTH) + P(THH) + P(HHH) = %

Alternatively,
P(atleastlhead) = 1 — P(nohead) = 1 — P(TTT) = 1 — é = %

(d) P(not more than 1 tail) = P(O tails or 1 tail)
= P(0 tails) + P(1 tail)
= P(HHH) + P(HHT U HTH U THH)
= P(HHH) + P(HHT) + P(HTH) + P(THH)
4 1

T8 2
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Method 2 (using formula)

(a) P(3 heads) = @)(%)3@)0 -1
(b) P(2 tails and 1 head) = (;)(%)1%)1 - %

(c) P(atleast 1 head) = P(1, 2, or 3heads)
= P(1 head) + P(2heads) + P(3heads)

-(EE QG - CR)ES -5

Alternatively, ,
P(at least 1 head) = 1 — P(no head)

(3 (Y (1Y
- 0o/\2/\2) " 8

(d) P(not more than 1 tail) = P(0 tails or 1 tail)
= P(0 tails) + P(1 tail)

-QEE) OG-

It should be mentioned that the notation of random variables can also be used. For example, if we let X be the
random variable denoting the number of heads in 3 tosses, (c) can be written

P(atleast Thead) = PX = 1) =PX=1)+PX=2)+ PX=3) = %

We shall use both approaches interchangeably.

4.2. Find the probability that in five tosses of a fair die, a 3 will appear (a) twice, (b) at most once, (c) at least
two times.

Let the random variable X be the number of times a 3 appears in five tosses of a fair die. We have

Probability of 3 in a single toss = p = %

Probability of no 3 in asingletoss = ¢ = 1 — p =

(a) P(3 occurs twice) = P(X = 2) = <Z)<%)2(%>2 = %

(b) PBoccursatmostonce) = PX=1)=PX =0+ PX=1)

= ()G + C)E) G

= 7776 T 7776 ~ 3888

N

(c) P(3 occurs at least 2 times)
=PX=2)
=PX=2)+PX=3)+PX=4+PX=Y5)

- ()()() + <2§)<é>*‘§z>2 g 6(5)@4(2)1 ()

= 3833 73888 T 7776 | 7776 _ 3888
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4.3. Find the probability that in a family of 4 children there will be (a) at least 1 boy, (b) at least 1 boy and at
least 1 girl. Assume that the probability of a male birth is 1/2.

4 1 3 4 2 2
@ P boy) = <1><%> (%> B % P(2 boys) = (2)(%) G) B %
4 3/1\! 4 4/1\o
PG boys) = (3)(%) 6) B % P(4 boys) = (4)(9 (%) B T16

Then
P(at least 1 boy) = P(1 boy) + P(2 boys) + P(3 boys) + P(4boys)
1.3, 1. 1 _ 15
“4ts8 i 16T 16
Another method

P(atleast1boy) = 1 — P(noboy) = 1 — 14: I—L:E
y y 2 16 ~ 16

(b) P(atleast1boyandatleastlgirl) = 1 — P(no boy) — P(no girl)
1 1 7

= 1-—-— =1

16 16 8

We could also have solved this problem by letting X be a random variable denoting the number of boys in
families with 4 children. Then, for example, (a) becomes

P(X21)=P(X:1)+P(X=2)+P(X=3)+P(X=4)=%

4.4. Out of 2000 families with 4 children each, how many would you expect to have (a) at least 1 boy,
(b) 2 boys, (c) 1 or 2 girls, (d) no girls?
Referring to Problem 4.3, we see that
15

(a) Expected number of families with at least 1 boy = 2000<E) = 1875

(b) Expected number of families with 2 boys = 2000 - P(2 boys) = 2000(%) = 750

(c) P(1 or 2 girls) = P(1 girl) + P(2 girls)

|

+

=
oo

= P(1 boy) + P(2boys) =

= 1250

—

Expected number of families with 1 or 2 girls = (2000)(%

(d) Expected number of families with no girls = (2000)(%) =125

4.5. If 20% of the bolts produced by a machine are defective, determine the probability that out of 4 bolts cho-
sen at random, (a) 1, (b) 0, (c) less than 2, bolts will be defective.

The probability of a defective bolt is p = 0.2, of a nondefective boltis ¢ = 1 — p = 0.8. Let the random variable
X be the number of defective bolts. Then

(@ PX=1) = (41‘)(0.2)‘(0.8)3 = 0.4096
4
(b) PX =0) = <0)(O.2)°(0.8)4 = 0.4096

() PX<2)=PX=0+PX=1
= 0.4096 + 0.4096 = 0.8192
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4.6.

4.7.

4.8.

4.9.

Find the probability of getting a total of 7 at least once in three tosses of a pair of fair dice.

In a single toss of a pair of fair dice the probability of a 7 is p = 1/6 (see Problem 2.1, page 44), so that the
probability of no 7 in a single toss is ¢ = 1 — p = 5/6. Then

3\(1\(5)
P(no 7 in three tosses) = <0><%) <2) = %

. _ 125 _ 91
and P(at least one 7 in three tosses) = 1 216 — 216

Find the moment generating function of a random variable X that is binomially distributed.

Method 1
If X is binomially distributed,

f@) = PX = 2) = <z>pxqw

Then the moment generating function is given by

> enf(x)
Z etX <n> p)tqn*x
x=0 X

n

= 2 (n)(pel),\‘qnfx
X

x=0

M(t) = E(ev)

= (q + pet)n

Method 2
For a sequence of n Bernoulli trials, define

¥ = {0 if failure in jth trial
J 1 if success in jth trial
Then the X; are independent and X = X; + X, + --- + X,. For the moment generating function of X;, we have
M;(1) = eq + e''p = g + pe G=12,...,n)
Then by Theorem 3-9, page 80,
M) = M(OMy(©) ... M,(1) = (¢ + pe')'

Prove that the mean and variance of a binomially distributed random variable are, respectively, © = np and
a2 = npq.

Proceeding as in Method 2 of Problem 4.7, we have forj = 1,2, ..., n,
EX) =0+ 1p=p
Var(X)) = E[(X; — p)?1 = (0 — pyg + (1 — p)’p
=p¥q + ¢p =pg(p + q) = pq
Then w=EX)=EX)+EX,)+ -+ EX,)=np
o2 = Var(X) = Var(X,) + Var(X,) + -+ + Var(X,) = npq

where we have used Theorem 3-7 for o2.
The above results can also be obtained (but with more difficulty) by differentiating the moment generating
function (see Problem 3.38) or directly from the probability function.

If the probability of a defective bolt is 0.1, find (a) the mean, (b) the standard deviation, for the number of
defective bolts in a total of 400 bolts.

(a) Mean u = np = (400) (0.1) = 40, i.e., we can expect 40 bolts to be defective.
(b) Variance 02 = npq = (400)(0.1)(0.9) = 36. Hence, the standard deviation 0 = V36 = 6.
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The law of large numbers for Bernoulli trials
4.10. Prove Theorem 4-1, the (weak) law of large numbers for Bernoulli trials.

By Chebyshev’s inequality, page 83, if X is any random variable with finite mean w and variance o2, then
) P(IX — ul zka-)sé

In particular, if X is binomially or Bernoulli distributed, then u = np, o = \/@ and (1) becomes
2) PUX — np| = kVnpq) =

or
3 P(

Ifwelete = k %, (3) becomes

g

and taking the limit as n — % we have, as required,

n

}%P(ﬁ—p‘ze>=0

The result also follows directly from Theorem 3-19, page 83, with S, = X, u = np, ¢ = Vnpq.

4.11. Give an interpretation of the (weak) law of large numbers for the appearances of a 3 in successive tosses
of a fair die.

The law of large numbers states in this case that the probability of the proportion of 3s in n tosses differing
from 1/6 by more than any value € > 0 approaches zero as n — .

The normal distribution

4.12. Find the area under the standard normal curve shown in Fig. 4-3 (a) between z = 0 and z = 1.2,
(b) between z = —0.68 and z = 0, (c) between z = —0.46 and z = 2.21, (d) between z = 0.81 and z = 1.94,
(e) to the right of z = —1.28.

(a) Using the table in Appendix C, proceed down the column marked z until entry 1.2 is reached. Then proceed
right to column marked 0. The result, 0.3849, is the required area and represents the probability that Z is
between 0 and 1.2 (Fig. 4-3). Therefore,

el dy = 0.3849

1 jm
\V2mJo

PO=Z=12)=

z=0 z=12

Fig. 4-3

(b) Required area = area between z = 0 and z = +0.68 (by symmetry). Therefore, proceed downward under
column marked z until entry 0.6 is reached. Then proceed right to column marked 8.
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The result, 0.2517, is the required area and represents the probability that Z is between —0.68 and 0
(Fig. 4-4). Therefore,

0
P(-068=Z=0) = %J e—2 du
T J-0.68

1 0.68
= FJ e~ w2du = 0.2517
T Jo

—0.68 —0.46 221

Fig. 4-4 Fig. 4-5

(c) Required area = (area between z =—0.46 and z = 0)
+ (area between z = 0 and z = 2.21)
= (area between z = 0 and z = 0.46)
+ (area between z = 0 and z = 2.21)
= 0.1772 + 0.4864 = 0.6636

The area, 0.6636, represents the probability that Z is between —0.46 and 2.21 (Fig. 4-5). Therefore,

1 221
P(—046 = Z =221) = —— e /2 dy
( ) \ 2 Lo%
1 J'o 1 Jz.zl
= — e w2du + —— e~ /2 duy
\/ 27 ) —0.46 \/2mrJo
1 0.46 1 rl]
= — e 2 du + e w2du = 0.1772 + 0.4864
V2 JO V2mlo
= 0.6636

(d) Required area (Fig. 4-6) = (area between z = 0 and z = 1.94)
— (area between z = 0 and z = 0.81)
= 0.4738 — 0.2910 = 0.1828
This is the same as P(0.81 = Z = 1.94).

(e) Required area (Fig. 4-7) = (area between z = —1.28 and z = 0)
+ (area toright of z = 0)
=0.3997 + 0.5 = 0.8997

This is the same as P(Z = —1.28).

081 1.94 -1.28

Fig. 4-6 Fig. 4-7

4.13. If “area” refers to that under the standard normal curve, find the value or values of z such that (a) area
between 0 and z is 0.3770, (b) area to left of z is 0.8621, (c) area between —1.5 and z is 0.0217.
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(a) In the table in Appendix C the entry 0.3770 is located to the right of the row marked 1.1 and under the
column marked 6. Then the required z = 1.16.

By symmetry, z = —1.16 is another value of z. Therefore, z = *=1.16 (Fig. 4-8). The problem is
equivalent to solving for z the equation

1

4
\/TJ e~2du = 0.3770
™

0

(b) Since the area is greater than 0.5, z must be positive.
Area between 0 and z is 0.8621 — 0.5 = 0.3621, from which z = 1.09 (Fig. 4-9).

U A

Fig. 4-8 Fig. 4-9

(c) If z were positive, the area would be greater than the area between — 1.5 and 0, which is 0.4332; hence z
must be negative.

Case 1 zis negative but to the right of —1.5 (Fig. 4-10).

Area between — 1.5 and z = (area between —1.5 and 0)

— (area between 0 and z)
0.0217 = 0.4332 — (area between 0 and z)

Then the area between 0 and z is 0.4332 — 0.0217 = 0.4115 from which z = —1.35.

z —1.5

Fig. 4.10 Fig. 4.11

Case 2 zis negative but to the left of —1.5 (Fig. 4-11).

Area between z and —1.5 = (area between z and 0)

— (area between —1.5 and 0)
0.0217 = (area between 0 and z) — 0.4332

Then the area between 0 and z is 0.0217 + 0.4332 = 0.4549 and z = —1.694 by using linear interpolation;
or, with slightly less precision, z = —1.69.

4.14. The mean weight of 500 male students at a certain college is 151 Ib and the standard deviation is 15 1b.

Assuming that the weights are normally distributed, find how many students weigh (a) between 120 and
155 1b, (b) more than 185 1b.

(a) Weights recorded as being between 120 and 155 1b can actually have any value from 119.5 to 155.5 Ib,
assuming they are recorded to the nearest pound (Fig. 4-12).
119.5 Ib in standard units = (119.5 — 151)/15
=-2.10
155.5 Ib in standard units = (155.5 — 151)/15
= 0.30
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Required proportion of students = (area between z = —2.10 and z = 0.30)
= (area between z = —2.10 and z = 0)
+ (area between z = 0 and z = 0.30)
= 0.4821 + 0.1179 = 0.6000

Then the number of students weighing between 120 and 155 1b is 500(0.6000) = 300

=2.10 0.30 2.30

Fig. 4-12 Fig. 4-13

(b) Students weighing more than 185 Ib must weigh at least 185.5 Ib (Fig. 4-13).
185.5 b in standard units = (185.5 — 151)/15 = 2.30
Required proportion of students
= (area to right of z = 2.30)
= (area to right of z = 0)
— (area between z = 0 and z = 2.30)
=0.5 —0.4893 = 0.0107
Then the number of students weighing more than 185 1b is 500(0.0107) = 5.

If W denotes the weight of a student chosen at random, we can summarize the above results in terms of
probability by writing

P(119.5 = W = 155.5) = 0.6000 P(W = 185.5) = 0.0107

4.15. The mean inside diameter of a sample of 200 washers produced by a machine is 0.502 inches and the stan-
dard deviation is 0.005 inches. The purpose for which these washers are intended allows a maximum tol-
erance in the diameter of 0.496 to 0.508 inches, otherwise the washers are considered defective.
Determine the percentage of defective washers produced by the machine, assuming the diameters are
normally distributed.

0.496 in standard units = (0.496 — 0.502)/0.005 = —1.2

0.508 in standard units = (0.508 — 0.502)/0.005 = 1.2
Proportion of nondefective washers

= (area under normal curve betweenz = —1.2 and z = 1.2)
= (twice the area between z = 0 and z = 1.2)
= 2(0.3849) = 0.7698, or 77%

Therefore, the percentage of defective washers is 100% — 77% = 23% (Fig. 4-14).

-1.2 1.2

Fig. 414

Note that if we think of the interval 0.496 to 0.508 inches as actually representing diameters of from 0.4955
to 0.5085 inches, the above result is modified slightly. To two significant figures, however, the results are the
same.
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4.16. Find the moment generating function for the general normal distribution.

We have

1 o
M(t) = E(eX) = etxe—(—w?/207 dx
@ (eX) N le

Letting (x — w)/o = v in the integral so that x = u + o, dx = o dv, we have

M(t) = #J’w euttaovt—(2) dpy = MJCE e— =02 dy

Now letting v — ot = w, we find that

J e—w2/2dW> = eut+(0r2/2)

—o0

M([) = e;u+(rr?t2/2)(
2

Normal approximation to binomial distribution

4.17. Find the probability of getting between 3 and 6 heads inclusive in 10 tosses of a fair coin by using (a) the
binomial distribution, (b) the normal approximation to the binomial distribution.

(a) Let X be the random variable giving the number of heads that will turn up in 10 tosses (Fig. 4-15). Then

10\ 1\ 1Y 15 10N/ 1\ 1)° 105
N
e (10N 1V/1Y _ 63 o (10N/1\¢/1)* _ 105
== (D)6 =% remo=(5)6) () - 55

Then the required probability is

_ 15 105 63 105 _ 99 _
PB3=X=6)= 128 + 312 + 256 + 510 128 0.7734

0.3 031
> >
= 02 = 02
B B
2 2
o ]
ﬁ’: -
0.1} ‘ & ooak
| |,
T i i i T T i i i T T
0 1 2 3 4 5 6 7 8 9 10 0
Number of heads Number of heads
Fig. 4-15 Fig. 4-16

(b) The probability distribution for the number of heads that will turn up in 10 tosses of the coin is shown
graphically in Figures 4-15 and 4-16, where Fig. 4-16 treats the data as if they were continuous. The
required probability is the sum of the areas of the shaded rectangles in Fig. 4-16 and can be approximated
by the area under the corresponding normal curve, shown dashed. Treating the data as continuous, it
follows that 3 to 6 heads can be considered as 2.5 to 6.5 heads. Also, the mean and variance for the

binomial distribution are given by u = np = 10(%) =5ando = Vnpg = \/(10)(%)(%) = 1.58.

Now
. .o _25-5_
2.5 in standard units = 158 = 1.58
6.5 in standard units = 6.5 — 5 = 0.95

1.58
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—-1.58 0.95

Fig. 4-17

Required probability (Fig. 4-17) = (area between z = —1.58 and z = 0.95)
= (area between z = —1.58 and z = 0)
+ (area between z = 0 and z = 0.95)
= 0.4429 + 0.3289 = 0.7718

which compares very well with the true value 0.7734 obtained in part (a). The accuracy is even better for larger
values of n.

4.18. A fair coin is tossed 500 times. Find the probability that the number of heads will not differ from 250 by
(a) more than 10, (b) more than 30.

w=np = (500)(%) =250 o = Vipg = ,[500)(3)(3) = 1118

(a) We require the probability that the number of heads will lie between 240 and 260, or considering the data
as continuous, between 239.5 and 260.5.

239.5 in standard units = %}8250 = —0.94 260.5 in standard units = 0.94
Required probability = (area under normal curve between z = —0.94 and z = 0.94)

= (twice area between z = 0 and z = 0.94) = 2(0.3264) = 0.6528
(b) We require the probability that the number of heads will lie between 220 and 280 or, considering the data
as continuous, between 219.5 and 280.5.

219.5 in standard units = % = =273 280.5 in standard units = 2.73

Required probability = (twice area under normal curve between z = 0 and z = 2.73)
= 2(0.4968) = 0.9936

It follows that we can be very confident that the number of heads will not differ from that expected
(250) by more than 30. Therefore, if it turned out that the actual number of heads was 280, we would
strongly believe that the coin was not fair, i.e., it was loaded.

4.19. A die is tossed 120 times. Find the probability that the face 4 will turn up (a) 18 times or less, (b) 14 times
or less, assuming the die is fair.

The face 4 has probability p = % of turning up and probability g = % of not turning up.

(a) We want the probability of the number of 4s being between 0 and 18. This is given exactly by

120N/ 1\18/ 5102 120N/ 1\7/ 5103 120N/ 10/ 5120
(WG ()@ )"+ (O E)
but since the labor involved in the computation is overwhelming, we use the normal approximation.
Considering the data as continuous, it follows that 0 to 18 4s can be treated as —0.5 to 18.5 4s.

Also,
w=np = 120(%) =20 ad o= Vapg= 1/(120)@)(%) — 4.08
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Then
—0.5 in standard units = % = —5.02. 18.5 in standard units = —0.37
Required probability = (area under normal curve between z = —5.02 and z = —0.37)
= (area between z = 0 and z = —5.02)
— (area between z = 0 and z = —0.37)

= 0.5 — 0.1443 = 0.3557

(b) We proceed as in part (a), replacing 18 by 14. Then

—0.5 in standard units = —5.02 14.5 in standard units = % = —-135
Required probability = (area under normal curve between z = —5.02 and z = —1.35)
= (area between z = 0 and z = —5.02)
— (area between z = 0 and z = —1.35)

=0.5—04115=0.0885

It follows that if we were to take repeated samples of 120 tosses of a die, a 4 should turn up 14 times or
less in about one-tenth of these samples.

The Poisson distribution
4.20. Establish the validity of the Poisson approximation to the binomial distribution.

If X is binomially distributed, then

n -
Y] PX =x) = P
where E(X) = np. Let A = np so that p = N/n. Then (1) becomes

o= () (-2

— 1 - 2)--- — n—x
n(n — Dn —2) -+ (n x+1)Ax<1_A>

xlnx n
1 2 x—1
) U R U S
- x! )\X(l_ﬁ>

Now as n — o,

while

(48 8) e

using the well-known result from calculus that
lim (1 + %) = e

It follows that when n — o but A stays fixed (i.e., p — 0),

2) PX =x)—

Ave A
x!
which is the Poisson distribution.
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4.21.

4.22.

4.23.

Another method
The moment generating function for the binomial distribution is
3 (g +pety = (1 =p + pelyr =1+ plet = D"
If X = np so that p = N\/n, this becomes
Alet — 1) |»
@® [1 + %}

As n — < this approaches
5) ee—1)

which is the moment generating function of the Poisson distribution. The required result then follows on using
Theorem 3-10, page 77.

Verify that the limiting function (2) of Problem 4.20 is actually a probability function.

First, we see that P(X = x) > 0 forx =0, 1, ..., given that A > 0. Second, we have

oo o0 7A = E
SPX =x) = E’Ve’ :e—AE)‘%:e—A.e)\: 1
x=0 =0 X x=0%

and the verification is complete.

Ten percent of the tools produced in a certain manufacturing process turn out to be defective. Find the
probability that in a sample of 10 tools chosen at random, exactly 2 will be defective, by using (a) the
binomial distribution, (b) the Poisson approximation to the binomial distribution.

(a) The probability of a defective tool is p = 0.1. Let X denote the number of defective tools out of 10 chosen.
Then, according to the binomial distribution,

PX=2)= <120)(0.1)2(0.9)8 = 0.1937 or 0.19

(b) We have N = np = (10)(0.1) = 1. Then, according to the Poisson distribution,

e\ (1)2e—1
; or  PX=2) =7

In general, the approximation is good if p = 0.1 and A = np = 5.

PX =x) =

= 0.1839 or 0.18

If the probability that an individual will suffer a bad reaction from injection of a given serum is 0.001,
determine the probability that out of 2000 individuals, (a) exactly 3, (b) more than 2, individuals will suffer
a bad reaction.

Let X denote the number of individuals suffering a bad reaction. X is Bernoulli distributed, but since bad
reactions are assumed to be rare events, we can suppose that X is Poisson distributed, i.e.,

Xp—A
P(X = x) = )‘;, where X = np = (2000)(0.001) = 2
32
(a) P(X =3) = 236, = 0.180

(b) P(X > 2)

1 -[PX=0)+PX=1) + PX =2)]

202 De2 | D22
o TREREY

1

=1—5e2=0323

An exact evaluation of the probabilities using the binomial distribution would require much more labor.

The central limit theorem

4.24.

Verify the central limit theorem for a random variable X that is binomially distributed, and thereby estab-
lish the validity of the normal approximation to the binomial distribution.
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The standardized variable for X is X* = (X — np)/ Vnpq, and the moment generating function for X* is

E(ex*) = E(e!X—np)/Nnpq)

e~mp/N'npq E(etX/Nnpq)

n
e—mp/N'npq zetx/\/npq <n>px qn=
x=0 X

n
e*rnp/\/nﬁ 2<n>(pet/\/nﬁ)x g
x=0\X

= e—mp/\/nﬁ(q + per/\/nﬁ)n
= lemwNVwi(g + petNmwi))r
= (qe—tp/\/% + petq/\/nﬁ)n

Using the expansion

_ w | ouw
E”—l+u+i+§+"'

we find

N+ et (1 L 2p2 . )
e~ p/NVnpq etq/Nnpqg = — e
1 p 4 \V npq 2npq

+ <1+ 4_ 4 )
P V npq 2npq

rq(p + @
2npq

=qg+p+

1+ 2
2n

£? "
XY = LT
Therefore, E(eX™) (1 + n + )

But as n — oo, the right-hand side approaches e”/2, which is the moment generating function for the standard
normal distribution. Therefore, the required result follows by Theorem 3-10, page 77.

Prove the central limit theorem (Theorem 4-2, page 112).

Forn=1,2,...,wehave S, = X, + X, + --- + X,. Now X, X,, . . ., X,, each have mean u and variance o2.
Thus

E(S,) = EX)) + E(Xy) + -+ + EX,) = nu
and, because the X, are independent,
Var(S,) = Var(X,) + Var(X,) + -+ + Var(X,) = no?
It follows that the standardized random variable corresponding to S,, is

S, — nu
S =——
oVn

The moment generating function for S, is

E(essh) = E[ez(s"—nm/m/ﬁ]

E[er(x.—m/a\/ﬁet(xz—m/a\fn Ce er(X,fu)/a\fn]

E[e’(Xl’W/"W] . E[et(xz—u)/o\ﬁ] . E[er(x,,—u)/a\&]

{E[el()(1 —/L)/a'\/r;]}n
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where, in the last two steps, we have respectively used the facts that the X, are independent and are identically
distributed. Now, by a Taylor series expansion,

_ 2% — 14)2
E[e!®%i—w/oVn] = E[l + Ll S Bl + .- }

oVn 20%n
t 12

= — - — — 02 ...

E(1) + oy EX, — p) + 20n E[(X, — w2 +
=1+ ! (())+ tz (0-2)+...:]+ﬁ+...
oVn 20 2n
. 2 n
so that E@esy =1+ o 4.

But the limit of this as n — o is e?*/2, which is the moment generating function of the standardized normal
distribution. Hence, by Theorem 3-10, page 80, the required result follows.

Multinomial distribution

4.26. A box contains 5 red balls, 4 white balls, and 3 blue balls. A ball is selected at random from the box, its
color is noted, and then the ball is replaced. Find the probability that out of 6 balls selected in this manner,
3 are red, 2 are white, and 1 is blue.

Method 1 (by formula)

P(red at any drawing) = % P(white at any drawing) = %

P(blue at any drawing) = %

| 3 2 1
Then P(3 red, 2 white, 1 blue) = ﬁ (%) (%) <%> = %

Method 2

The probability of choosing any red ball is 5/12. Then the probability of choosing 3 red balls is (5/12)3.
Similarly, the probability of choosing 2 white balls is (4/12)2, and of choosing 1 blue ball, (3/12)!. Therefore,
the probability of choosing 3 red, 2 white, and 1 blue in that order is

(&) () )

But the same selection can be achieved in various other orders, and the number of these different ways is
6!
312111

as shown in Chapter 1. Then the required probability is
_6! (5 (4aVy(3)
32011\ 12 12 12
Method 3

The required probability is the term p3p2 p,, in the multinomial expansion of (p, + p,, + p,)¢ where p, = 5/12,
p,, = 4/12, p, = 3/12. By actual expansion, the above result is obtained.

The hypergeometric distribution

4.27. A box contains 6 blue marbles and 4 red marbles. An experiment is performed in which a marble is chosen
at random and its color observed, but the marble is not replaced. Find the probability that after 5 trials of
the experiment, 3 blue marbles will have been chosen.

Method 1

6
The number of different ways of selecting 3 blue marbles out of 6 blue marbles is (3) The number of different
ways of selecting the remaining 2 marbles out of the 4 red marbles is . Therefore, the number of different

4
samples containing 3 blue marbles and 2 red marbles is (3) (2>
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Now the total number of different ways of selecting 5 marbles out of the 10 marbles (6 + 4) in the box
10
is s ) Therefore, the required probability is given by

BE)

(10> T 21

5

Method 2 (using formula)

We have b = 6,r = 4,n = 5, x = 3. Then by (19), page 113, the required probability is

2

4.28. Show that the mean and variance of the uniform distribution (page 113) are given respectively by
@p =5+ b),0b)o? =5 (b — a

PX=3)=

b_op2—a? atb

. 20—a 2

b
xdx x2

(@ M:E(X):Jb—aZZ(b—a)
(b) We have

by — a3 P24 ab+ a?
« 3b—a 3

b
x2dx x3

E(Xz):Jb—a:ab—a)

a

Then the variance is given by

E[(X — w?] = EX?) — u?

o2

b2 + ab + a2 a+b\V_ 1,
3 _<2)_12(b ay

The Cauchy distribution

4.29. Show that (a) the moment generating function for a Cauchy distributed random variable X does not exist
but that (b) the characteristic function does exist.

(a) The moment generating function of X is

al” e
E(e'X) = FJ mdx

which does not exist if ¢ is real. This can be seen by noting, for example, thatif x = 0, r > 0,

2x2 2x2
A il e > T
e 1+ + 2 + 2

so that

al” e al [* x2

= -z > 7

WJ w X2+ a2dx_ 277'4[0 x2 + azdx
and the integral on the right diverges.

(b) The characteristic function of X is

E(etX) =

3=

« elx
dx
J_w x2 + a?

= (e
a cos wx ai sin wx
== dx+ff dx
ijxz-i-az T)_,x2 + a2

_Ziwcoswxd
T |y X2+ a2
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where we have used the fact that the integrands in the next to last line are even and odd functions, respectively.
The last integral can be shown to exist and to equal e—a®.

4.30. Let O be a uniformly distributed random variable in the interval —% =0< g Prove that X = a tan O,
a > 0, is Cauchy distributed in — < x < %,

The density function of O is

1 T T
f0) =7 —5 =0 = 5
Considering the transformation x = a tan 6, we have
= tan-1 & 4 _ __a
0 = tan~! and b2+ a >0

Then by Theorem 2-3, page 42, the density function of X is given by

_1_ a
T2 + g2

do
g = fO)| 5

which is the Cauchy distribution.

The gamma distribution

4.31. Show that the mean and variance of the gamma distribution are given by (a) w = af, (b) 02 = af3%

_ * xa—le—x/B _ OCxaze—)c/ﬁ
® a L ’“[ BT() }d" L BT(a)

Letting x/B = t, we have

= B”‘ﬁ ) —t —i _
”“_Bana)L wettdt = T+ 1) = af

b Exzzwzm}d :J“Md
(b) X3 Lx[ﬁal“(a) X BT N

Letting x/B = 1, we have

= Ba+lB Jm atle—t
EOP) = g ) e

B
= = 32
T(a)r(a+2) BYa + Da

since '(ae + 2) = (¢ + DI'(a + 1) = (a + 1)al'(a). Therefore,
02 = E(X) — 2 = Ba + Da — (af) = af?

The beta distribution
4.32. Find the mean of the beta distribution.

I'e + B!
M= EX) = WL x[xe~I(1 — x)B~1] dx
T + B) [!

T+ p) M@ + DIP)
T T@IB L@+ 1+p

Fat+tp od@l'@ «
FIP) (@ +Pla+p a+p
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Find the variance of the beta distribution.

The second moment about the origin is

I'(a + B) (!
E(Xz) = WL xz[x“*1(1 - x)ﬂfl]dx
T+ p) !
ZSQHQLW““_”&“X

_ T(a + B) Ta + DI(B)

- T(@I'@) Ia+2+p)

T+ P) (¢ + Dal'(I'(B)

- T@I'PB) (@ + B+ D+ Pl + p)
alae + 1)

T @+ pPlat+prl

Then using Problem 4.32, the variance is

ala + 1) @ 2 o3
a+B) (@+B2a+pB+1

o =EX) S EOP = e+ B+ D)

The chi-square distribution

4.34.

4.35.

4.36.

Show that the moment generating function of a random variable X, which is chi-square distributed with
v degrees of freedom, is M(¢) = (1 — 2¢)~v2.

M) = E(e™) = WL erx(v=2/2e=x/2 dx

0

1 J X2/2=(1=20/2
0

T 2T(v/2)

Letting (1 — 27)x/2 = u in the last integral, we find

_ 1 Y 2u \UP? 2du
M = 2v/zr(v/2)L<1 - 2:) T

(1 =202 ("
= T/z) uv/2—le—udy = (1 — 2t)7v/2
0

Let X, and X, be independent random variables that are chi-square distributed with v, and v, degrees of free-
dom, respectively, (a) Show that the moment generating function of Z = X, + X, is (1 — 2f)~(+w)/2,
thereby (b) show that Z is chi-square distributed with v, + v, degrees of freedom.

(a) The moment generating function of Z = X, + X, is
M®) = Ele%+X%)] = E(eX)E(e™) = (1 — 20)~w2(1 — 20)~w/2 = (1 — 2f)~0i+m)2
using Problem 4.34.

(b) Itis seen from Problem 4.34 that a distribution whose moment generating function is (1 — 2#)~01*+v)/2 is the
chi-square distribution with v; + v, degrees of freedom. This must be the distribution of
Z, by Theorem 3-10, page 77.
By generalizing the above results, we obtain a proof of Theorem 4-4, page 115.

Let X be a normally distributed random variable having mean 0 and variance 1. Show that X2 is chi-square
distributed with 1 degree of freedom.

We want to find the distribution of Y = X2 given a standard normal distribution for X. Since the correspondence
between X and Y is not one-one, we cannot apply Theorem 2-3 as it stands but must proceed as follows.
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4.37.

4.38.

For y < 0, it is clear that P(Y = y) = 0. For y = 0, we have
PY=y)=PX2=<y)=P(-Vy=X=+Vy)
1 Yy 2 +Vy
= ﬁj—w e~v2dx = ﬁ,[o e™v/2 dx

where the last step uses the fact that the standard normal density function is even. Making the change of
variable x = + /7 in the final integral, we obtain

PY=<y) = —12 - L 1-12¢12 dt

But this is a chi-square distribution with 1 degree of freedom, as is seen by putting v = 1 in (39), page 115, and
using the fact that 1"(%) = V.

Prove Theorem 4-3, page 115, for v = 2.

By Problem 4.36 we see that if X; and X, are normally distributed with mean 0 and variance 1, then X} and X3
are chi square distributed with 1 degree of freedom each. Then, from Problem 4.35(b), we see that Z = X% + X%
is chi square distributed with 1 + 1 = 2 degrees of freedom if X, and X, are independent. The

general result for all positive integers v follows in the same manner.

The graph of the chi-square distribution with 5 degrees of freedom is shown in Fig. 4-18. (See the remarks
on notation on page 115.) Find the values x?,x3 for which

(a) the shaded area on the right = 0.05,
(b) the total shaded area = 0.05,

(c) the shaded area on the left = 0.10,
(d) the shaded area on the right = 0.01.

x % x
Fig. 4-18

(a) If the shaded area on the right is 0.05, then the area to the left of x%is (1 — 0.05) = 0.95, and x3 represents
the 95th percentile, )((2)_95-
Referring to the table in Appendix E, proceed downward under column headed v until entry 5 is
reached. Then proceed right to the column headed X2 5. The result, 11.1, is the required value of x2.

(b) Since the distribution is not symmetric, there are many values for which the total shaded area = 0.05. For
example, the right-hand shaded area could be 0.04 while the left-hand shaded area is 0.01. It is customary,
however, unless otherwise specified, to choose the two areas equal. In this case, then, each area = 0.025.

If the shaded area on the right is 0.025, the area to the left of x2is 1 — 0.025 = 0.975 and x? represents
the 97.5th percentile, x2 .., which from Appendix E is 12.8.

Similarly, if the shaded area on the left is 0.025, the area to the left of )(f is 0.025 and )(% represents the
2.5th percentile, x? .., which equals 0.831.

Therefore, the values are 0.831 and 12.8.

(c) If the shaded area on the left is 0.10, x?2 represents the 10th percentile, x3 ., which equals 1.61.

(d) If the shaded area on the right is 0.01, the area to the left of x3 is 0.99, and x3 represents the 99th
percentile, x3,,, which equals 15.1.
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Find the values of y2 for which the area of the right-hand tail of the y2 distribution is 0.05, if the number
of degrees of freedom v is equal to (a) 15, (b) 21, (c) 50.

Using the table in Appendix E, we find in the column headed X 245 the values: (a) 25.0 corresponding to
v = 15; (b) 32.7 corresponding to v = 21; (c) 67.5 corresponding to v = 50.

Find the median value of X? corresponding to (a) 9, (b) 28, (c) 40 degrees of freedom.

Using the table in Appendix E, we find in the column headed X3 5o (since the median is the 50th percentile)
the values: (a) 8.34 corresponding to v = 9; (b) 27.3 corresponding to v = 28; (c) 39.3 corresponding to
v = 40.
It is of interest to note that the median values are very nearly equal to the number of degrees of freedom. In
fact, for v > 10 the median values are equal to v — 0.7, as can be seen from the table.

Find x3 s for (a) v = 50, (b) v = 100 degrees of freedom.

For v greater than 30, we can use the fact that (V22 — V2v — 1) is very closely normally distributed with
mean zero and variance one. Then if z, is the (100p)th percentile of the standardized normal distribution, we
can write, to a high degree of approximation,

V22— V2 — 1 =g, or V2x2=2z,+ V2v—1
from which
X2 =5, + V2v — 1)

(@) Ifv =150, X205 = 2 (2905 + V2(50) — 1)> = 1 (1.64 + V/99)2 = 69.2, which agrees very well with the
value 67.5 given in Appendix E.

(b) If v = 100, X305 = 1 (2005 + V2(100) — 1)2 = 1 (1.64 + V/199)2 = 124.0 (actual value = 124.3).

Student’s t distribution

4.42.

Prove Theorem 4-6, page 116.

Since Y is normally distributed with mean O and variance 1, its density function is

1
] e*}‘z/z
M o
Since Z is chi-square distributed with v degrees of freedom, its density function is
1
2 —————— 702~ lg=z/2 >0
@ 2Tw/2) ¢ ‘

Because Y and Z are independent, their joint density function is the product of (1) and (2), i.e.,

I S
V27 22T(v/2)

70/2=1 g=(?+2)/2

for —o0 <y < 4,7 > 0.

The distribution function of T = Y/VZ/v is
Fx) = P(T=x) = P(Y =xVZ/v)

1

= - (v/2)=1e=(*+2/2 dy d
\/27,-2v/zr(v/2) J] < e ydaz

R
where the integral is taken over the region & of the yz plane for which y =< xV'z/v. We first fix z and integrate
with respect to y from —o to xV/'z/v. Then we integrate with respect to z from 0 to . We therefore have

1 % Vzfv
F = - (v/2)—1 *z/2|:J =2 g :|d
(.X') A /2772\;/21"(‘}/2)J < e e y Z

7= y=—o0
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Letting y = u'V z/v in the bracketed integral, we find

: % (o
Fx)= — /D=1e=22N/7 [y e~ W32 dy dz
@) V27 27T (v/2) L:J ‘ Z :

u=-—=

1 ! *
= 1 =12 e—E/DN+@@M] }du
\/ﬁzv/zr(v/z)ﬁ-muo ‘ -

2
Lettingw = %(1 + u7>, this can then be written
1 * * wo=1/2e=w
F(x =—-2<V+1)/2f {j —dw}du
) V222 (v/2) w=—ol Ju=o(1 + u2/y)o+ny2

) F(V§1>r du

ue—oo (1 + 1u2/y)0+D2
Vanr() T

2
as required.

4.43. The graph of Student’s ¢ distribution with 9 degrees of freedom is shown in Fig. 4-19. Find the value of ¢,
for which

(a) the shaded area on the right = 0.05,
(b) the total shaded area = 0.05,

(c) the total unshaded area = 0.99,

(d) the shaded area on the left = 0.01,

(e) the area to the left of ¢, is 0.90.

-4 h

Fig. 4-19

(a) If the shaded area on the right is 0.05, then the area to the left of ¢, is (1 — 0.05) = 0.95, and ¢, represents
the 95th percentile, # gs.
Referring to the table in Appendix D, proceed downward under the column headed v until entry 9 is
reached. Then proceed right to the column headed £, ¢s. The result 1.83 is the required value of ¢.

(b) If the total shaded area is 0.05, then the shaded area on the right is 0.025 by symmetry. Therefore, the area
to the left of 7, is (1 — 0.025) = 0.975, and #, represents the 97.5th percentile, £, ;5. From Appendix D, we
find 2.26 as the required value of .

(c) If the total unshaded area is 0.99, then the total shaded area is (1 — 0.99) = 0.01, and the shaded area to the
right is 0.01/2 = 0.005. From the table we find #, 495 = 3.25.

(d) If the shaded area on the left is 0.01, then by symmetry the shaded area on the right is 0.01. From the table,
fo.99 = 2.82. Therefore, the value of ¢ for which the shaded area on the left is 0.01 is —2.82.

(e) If the area to the left of ¢, is 0.90, then ¢, corresponds to the 90th percentile, #, o,, which from the table
equals 1.38.
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4.44. Find the values of 7 for which the area of the right-hand tail of the ¢ distribution is 0.05 if the number of
degrees of freedom v is equal to (a) 16, (b) 27, (c) 200.

Referring to Appendix D, we find in the column headed ¢, 45 the values: (a) 1.75 corresponding to v = 16;
(b) 1.70 corresponding to v = 27; (c) 1.645 corresponding to v = 200. (The latter is the value that would be
obtained by using the normal curve. In Appendix D this value corresponds to the entry in the last row marked .)

The F distribution
4.45. Prove Theorem 4-7.

The joint density function of V, and V, is given by

1 1
B VO | (S S, (/SR8 YRS N
J(,0)) <2v1/21—‘(1}1/2) v ¢ )(21/2/21“(1/2/2) V2 ¢ )

1 (D1 D=1 =002

T 20T, /) (y2)

if v, > 0, v, > 0 and 0 otherwise. Make the transformation

_ v,/ _ . o — v uw Y —
! vyfv, ViV v 2 o ! ¢} 2=V
Then the Jacobian is
vy, v,) _ |9vi/ou vy faw| _ fvw/vy vu/vy| VW
a(u, w) 0v,/du  dv,/ow 0 1 V2
Denoting the density as a function of u and w by g(u, w), we thus have
1 R e
g(l/t, w) = 2(V1+"2)/2F(V1/2)r(v2/2) v, wl e L7ASS v,

if u > 0, w > 0 and O otherwise.
The (marginal) density function of U can now be found by integrating with respect to w from 0 to oo, i.e.,

Wl +v)/21= 1= [1+u/v)Iw/2) dy

v, /vy )V 2uvi/2—1 o
By = /vy J'

20T (v, /2)T(v,/2) |

if u > 0 and 0 if u = 0. But from 15, Appendix A,

wr—le—aw dy =
0 ar

J * ['(p)

Therefore, we have

v+ v,
(VI/VZ)VI/ZI,{(VI/Z)71F )

h(u) v

1 Vi +vy)/2
200090 /Ty 5 (1 + 5

vy + v,
r( :

= 7\/‘1"/21/52/214(1/‘/2)_](\/2 + Vlu)“("l*’”z)ﬂ

(3)r(3)

if u > 0 and O if ¥ = 0, which is the required result.
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v, — 2 %
4.46. Prove that the F distribution is unimodal at the value ( 1 v, )(v _f_ 2) if v, > 2.
2

The mode locates the maximum value of the density function. Apart from a constant, the density function of the
F distribution is

14(\1,/2)71(‘;2 + vlu)f(vﬁrvz)/Z
If this has a relative maximum, it will occur where the derivative is zero, i.e.,

2 v+ v,
5 - 1 Ju®/2=2(p, + vyu)= 02 — o1y, — (v, + vyu)leH21-1 = 0
Dividing by u®/2=2(v, + v,u)~l0+v)/2-1 y #+ 0, we find

v, v, + v, v, — 2 v,
7—1(v2+v1u)—uv| 3 =0 or e )

Using the second-derivative test, we can show that this actually gives the maximum.

4.47. Using the table for the F distribution in Appendix F, find (a) F g5 1,15, (b) 99,159, (€) Fo05.8300 (d) Fop1.15.0-
(a) From Appendix F, where v| = 10, v, = 15, we find F, g5 1o ;5 = 2.54.

(b) From Appendix F, where v; = 15, v, = 9, we find F 49 59 = 4.96.
1 1

(c) By Theorem 4-8, page 117, F, = = s = 0.325.
0.05,8,30 FO.95,30,8 3.08
1 1
(d) By Theorem 4-8, page 117, F, =—— === 0.257.
y pag 0.01,15,9 Fo999.15 3.89

Relationships among F, 2, and t distributions
4.48. Verify that (a) Fos = %75, (b) Fop9 = 5005

(a) Compare the entries in the first column of the F), o5 table in Appendix F with those in the ¢ distribution
under £, o;5. We see that

161 = (12.71)2, 18.5 = (4.30)2, 10.1 = (3.18)2, 7.71 = (2.78)2, etc.

(b) Compare the entries in the first column of the F| o, table in Appendix F with those in the ¢ distribution
under 7 o95. We see that

4050 = (63.66)2, 98.5 = (9.92), 34.1 = (5.84)2, 21.2 = (4.60)2, etc.
4.49. Prove Theorem 4-9, page 117, which can be briefly stated as
Fipy =g
and therefore generalize the results of Problem 4.48.

Let v, = 1, v, = v in the density function for the F distribution [(45), page 116]. Then

fw) = — e W 2u12(v + u)~ /2

v +
F( 2 —(+1)/2
=~ 7 L ovpyip-eine| 1+ %

v
V V7TF<%)
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for u > 0, and f(u) = 0 for u = 0. Now, by the definition of a percentile value, F,_ » is the number such that

P(U=F,_,) =1~ p. Therefore,
F_, AR
u 2\ 1+ 5 du=1-p
0

v+ 1
)
In the integral make the change of variable r = + Vu:

Wr(%)

(Y +1
2 +VF,._, £\~ 0+n2
27J 1+ 5 dd=1-p
\/v'n'l"(%) 0
Comparing with (42), page 115, we see that the left-hand side of the last equation equals
2:-PO<T=+ VF_)

where T is a random variable having Student’s ¢ distribution with v degrees of freedom. Therefore,

1 —_
Tp =PO <T= +VF_)

=PT= + VF_) - PT=0)
=PT= +VF_)~;

where we have used the symmetry of the 7 distribution. Solving, we have

P(T= +\/ﬁ,,})=1—§

But, by definition, f,_, /2 1s the number such that

p
PT=t_yp)=1-75

and this number is uniquely determined, since the density function of the ¢ distribution is strictly positive.
Therefore,

tVFE L, =tgp or Fi, =0y
which was to be proved.
4.50. Verify Theorem 4-10, page 117, for (a) p = 0.95, (b) p = 0.99.

(a) Compare the entries in the last row of the F| 45 table in Appendix F (corresponding to v, = o) with the
entries under X35 in Appendix E. Then we see that

Nel

3.84 = —/, 3.00 = ——, 2.60 = ——, 237 = '49, 221 = ﬁ, etc.

3.84 5.99 7.81
1 2 3

A ‘

which provides the required verification.

(b) Compare the entries in the last row of the F|, o table in Appendix F (corresponding to v, = ©°) with the
entries under X3 o, in Appendix E. Then we see that
_ 6.63 _ 921 _ 113 _ 133 _ 151
6.63 = 1 4.61 = > 3.78 = 3 332 = 4 3.02 = 5 etc.

which provides the required verification.
The general proof of Theorem 4-10 follows by letting v, — o in the F distribution on page 116.

The bivariate normal distribution

4.51. Suppose that X and Y are random variables whose joint density function is the bivariate normal distribu-
tion. Show that X and Y are independent if and only if their correlation coefficient is zero.
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If the correlation coefficient p = 0, then the bivariate normal density function (49), page 117, becomes

1 5 1
fx,y) = g*(xw.)z/%;] [ e~ (0~ m)/203
o, V2 o\ 27

and since this is a product of a function of x alone and a function of y alone for all values of x and y, it follows
that X and Y are independent.

Conversely, if X and Y are independent, f (x, y) given by (49) must for all values of x and y be the product of
a function of x alone and a function of y alone. This is possible only if p = 0.

Miscellaneous distributions
4.52. Find the probability that in successive tosses of a fair die, a 3 will come up for the first time on the
fifth toss.

Method 1
The probability of not getting a 3 on the first toss is 5/6. Similarly, the probability of not getting a 3 on the second

toss is 5/6, etc. Then the probability of not getting a 3 on the first 4 tosses is (5/6) (5/6) (5/6) (5/6) = (5/6)*.
Therefore, since the probability of getting a 3 on the fifth toss is 1/6, the required probability is

5V (1) _ 625
6 6) 7776
Method 2 (using formula)

Using the geometric distribution, page 117, with p = 1/6, ¢ = 5/6, x = 5, we see that the required proba-

bility is
1\(5)" _ 625
6/)\6 7776

4.53. Verify the expressions given for (a) the mean, (b) the variance, of the Weibull distribution, page 118.

3

EX) = J abxb e~ dx

0

= %j <%>e—u%u(l/h)—l du
0

o
= a—l/bJ ul/be—u dy
0

(i 1)

where we have used the substitution u = ax® to evaluate the integral.

(@) 7

3]

(b) E(X?) = J abxbt1e—a?dx
0

Cab (WO -
= WL<E) e ugu(l/b) L du

= a—z/bJ w2/b e—u dy
0

= a‘2/"F<1 + %)
o2 = E[(X — w?] = E(X?) — p?

Cefe(i02) - (i )]

Then
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Miscellaneous problems

4.54.

4.55.

4.56.

4.57.

4.58.

The probability that an entering college student will graduate is 0.4. Determine the probability that out of
5 students (a) none, (b) 1, (c) at least 1, will graduate.

(a) P(none will graduate) = 5C(0.4)%(0.6)> = 0.07776, or about 0.08
(b) P(1 will graduate) = 5C,(0.4)1(0.6)* = 0.2592, or about 0.26
(c) P(atleast 1 will graduate) = 1 — P(none will graduate) = 0.92224, or about 0.92

What is the probability of getting a total of 9 (a) twice, (b) at least twice in 6 tosses of a pair of dice?

Each of the 6 ways in which the first die can fall can be associated with each of the 6 ways in which the second
die can fall, so there are 6 - 6 = 36 ways in which both dice can fall. These are: 1 on the first die and 1 on the
second die, 1 on the first die and 2 on the second die, etc., denoted by (1, 1), (1, 2), etc.

Of these 36 ways, all equally likely if the dice are fair, a total of 9 occurs in 4 cases: (3, 6), (4, 5), (5, 4),
(6, 3). Then the probability of a total of 9 in a single toss of a pair of dice is p = 4/36 = 1/9, and the probability
of not getting a total of 9 in a single toss of a pair of dice is g = 1 — p = 8/9.

2/ a\6-2
(a) P(two 9sin 6 tosses) = 6C2<;) (g) 61,440

T 531,441

(b) P(at least two 9s) = P(two 9s) + P(three 9s) + P(four 9s) + P(five 9s) + P(six 9s)

1)/ 8\* 13/ 8\ 1\ 8)\? 1\°8 1)\?
B 6C2<6> <6) " 603@ (6) * 604@ (6) " 6C5(§> 97 606(6)
61,440 10,240 960 48 1 72,689

= 531441 T 531441 T 531441 T 531441 | 531441 ~ 531.441

Another method

P(at least two 9s) = 1 — P(zero 9s) — P(one 9)

\(8) o (1)(8) _ 72689
I- 6C0<§) <§> - 6C1<§> (6) = 531441
If the probability of a defective bolt is 0.1, find (a) the mean, (b) the standard deviation for the distribu-
tion of defective bolts in a total of 400.

(a) Mean = np = 400(0.1) = 40, i.e., we can expect 40 bolts to be defective.
(b) Variance = npg = 400(0.1)(0.9) = 36. Hence the standard deviation = V36 = 6.

Find the coefficients of (a) skewness, (b) kurtosis of the distribution in Problem 4.56.

9 - P _09-0.1

(a) Coefficient of skewness = N = 3 = 0.133
Since this is positive, the distribution is skewed to the right.
) ) 1 — 6pgq 1 — 6(0.1)(0.9)
(b) Coefficient of kurtosis = 3 + npq = 3+ 36 = 3.01
The distribution is slightly more peaked than the normal distribution.
The grades on a short quiz in biology were 0, 1, 2, . . ., 10 points, depending on the number answered cor-

rectly out of 10 questions. The mean grade was 6.7, and the standard deviation was 1.2. Assuming the
grades to be normally distributed, determine (a) the percentage of students scoring 6 points, (b) the max-
imum grade of the lowest 10% of the class, (c) the minimum grade of the highest 10% of the class.

(a) To apply the normal distribution to discrete data, it is necessary to treat the data as if they were continuous.
Thus a score of 6 points is considered as 5.5 to 6.5 points. See Fig. 4-20.

5.5 in standard units = (5.5 — 6.7)/1.2 = —1.0
6.5 in standard units = (6.5 — 6.7)/1.2 = —0.17
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4.59.

Required proportion = area between z = —1 and z = —0.17
= (area between z = —1 and z = 0)
— (area between z = —0.17 and z = 0)

= 0.3413 — 0.0675 = 0.2738 = 27%

0.10 0.10
-1 -0.17 Z] Zy

Fig. 4-20 Fig. 4-21

(b) Let x, be the required maximum grade and z, its equivalent in standard units. From Fig. 4-21 the area to the
left of z, is 10% = 0.10; hence,

Area between z; and 0 = 0.40
and z; = —1.28 (very closely).
Then z, = (x; — 6.7)/1.2 = —1.28 and x; = 5.2 or 5 to the nearest integer.

(c) Let x, be the required minimum grade and z, the same grade in standard units. From (b), by symmetry,
7, = 1.28. Then (x, — 6.7)/1.2 = 1.28, and x, = 8.2 or 8 to the nearest integer.

A Geiger counter is used to count the arrivals of radioactive particles. Find the probability that in time ¢
no particles will be counted.

Let Fig. 4-22 represent the time axis with O as the origin. The probability that a particle is counted in a small
time At is proportional to At and so can be written as ANAt. Therefore, the probability of no count in time At is
1 — NAz More precisely, there will be additional terms involving (A7)? and higher orders, but these are
negligible if At is small.

0444

Fig. 4-22

Let Py(7) be the probability of no count in time z. Then Py(t + Ar) is the probability of no count in time
t + Az If the arrivals of the particles are assumed to be independent events, the probability of no count in
time ¢ + At is the product of the probability of no count in time 7 and the probability of no count in time Atz.
Therefore, neglecting terms involving (Af)? and higher, we have

(D Pyt + An) = Py(D[l — NA7]

From (1) we obtain

. Pyt + A — Py(1)
lim =

@) lim Ar = —APyD)
ie.,

dP, dP,
3) I —AP, or P, = —\dt

Solving (3) by integration we obtain
InPy= —Nt + ¢ or Py(t) = ce™

To determine c, note that if # = 0, P,(0) = c is the probability of no counts in time zero, which is of course 1.
Thus ¢ = 1 and the required probability is

“ Py(t) = eM
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4.60. Referring to Problem 4.59, find the probability of exactly one count in time ¢.

Let P,(¢) be the probability of 1 count in time 7, so that P,(¢ + A¢) is the probability of 1 count in time 7 + Ar.
Now we will have 1 count in time ¢ + At in the following two mutually exclusive cases:

(1) 1 count in time 7 and O counts in time Az
(i1) O counts in time 7 and 1 count in time Az

The probability of (i) is P,(1)(1 — NA¢).
The probability of (ii) is Py(r) NAtr.
Thus, apart from terms involving (A#)? and higher,

(1) P\t + Ar) = P,(0(1 — NAf) + Py(ONA?

This can be written
Pt + A — P,(»

@) Ar = AP|(t) — AP (D)
Taking the limit as Az — 0 and using the expression for P(7) obtained in Problem 4.59, this becomes
3 Pr_ pew— ap
3 dar e - 1
or
4 Pr AP, = ren
4 di | = Ae
Multiplying by e, this can be written
d
4 or =
) o (eP) = A
which yields on integrating
(6) P(H) = Ne ™™ + c,e™™
If + = 0, P, (0) is the probability of 1 count in time 0, which is zero. Using this in (6), we find ¢, = 0.
Therefore,
@ P,(t) = Nte™M
By continuing in this manner, we can show that the probability of exactly » counts in time ¢ is given by
(AMfyre—n
®) P =—7—

which is the Poisson distribution.

SUPPLEMENTARY PROBLEMS

The binomial distribution

4.61. Find the probability that in tossing a fair coin 6 times, there will appear (a) 0, (b) 1, (¢) 2, (d) 3, (e) 4, (f) 5,
(g) 6 heads.

4.62. Find the probability of (a) 2 or more heads, (b) fewer than 4 heads, in a single toss of 6 fair coins.

4.63. If X denotes the number of heads in a single toss of 4 fair coins, find (a) P(X = 3), (b) P(X < 2),
C©PX=2),dP1<X=23).

4.64. Out of 800 families with 5 children each, how many would you expect to have (a) 3 boys, (b) 5 girls,
(c) either 2 or 3 boys? Assume equal probabilities for boys and girls.

4.65. Find the probability of getting a total of 11 (a) once, (b) twice, in two tosses of a pair of fair dice.
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4.66.

4.67.

4.68.

4.69.

4.70.

4.71.

What is the probability of getting a 9 exactly once in 3 throws with a pair of dice?
Find the probability of guessing correctly at least 6 of the 10 answers on a true-false examination.

An insurance sales representative sells policies to 5 men, all of identical age and in good health. According to
the actuarial tables, the probability that a man of this particular age will be alive 30 years hence is % Find the
probability that in 30 years (a) all 5 men, (b) at least 3 men, (c) only 2 men, (d) at least 1 man will be alive.

Compute the (a) mean, (b) standard deviation, (c) coefficient of skewness, (d) coefficient of kurtosis for a
binomial distribution in which p = 0.7 and n = 60. Interpret the results.

Show that if a binomial distribution with n = 100 is symmetric; its coefficient of kurtosis is 2.9.

Evaluate (a) X (x — p)? f(x), (b) X (x — w)*f(x) the binomial distribution.

The normal distribution

4.72.

4.73.

4.74.

4.75.

4.76.

4.77.

4.78.

4.79.

4.80.

4.81.

On a statistics examination the mean was 78 and the standard deviation was 10. (a) Determine the standard
scores of two students whose grades were 93 and 62, respectively, (b) Determine the grades of two students
whose standard scores were —0.6 and 1.2, respectively.

Find (a) the mean, (b) the standard deviation on an examination in which grades of 70 and 88 correspond to
standard scores of —0.6 and 1.4, respectively.

Find the area under the normal curve between (a) z = —1.20 and z = 2.40, (b) z = 1.23 and z = 1.87,
(¢)z= —235and z = —0.50.

Find the area under the normal curve (a) to the left of z = —1.78, (b) to the left of z = 0.56, (c) to the right
of z = —1.45, (d) corresponding to z = 2.16, (e) corresponding to —0.80 = z = 1.53, () to the left of z = —2.52
and to the right of z = 1.83.

If Z is normally distributed with mean 0 and variance 1, find: (a) P(Z = —1.64), (b) P(—1.96 = Z = 1.96),
©P(]Z| =1).

Find the values of z such that (a) the area to the right of z is 0.2266, (b) the area to the left of z is 0.0314, (c) the
area between —0.23 and z is 0.5722, (d) the area between 1.15 and z is 0.0730, (e) the area between —z and z is
0.9000.

Find z, if P(Z = z;) = 0.84, where z is normally distributed with mean 0 and variance 1.

If X is normally distributed with mean 5 and standard deviation 2, find P(X > 8).

If the heights of 300 students are normally distributed with mean 68.0 inches and standard deviation 3.0 inches,
how many students have heights (a) greater than 72 inches, (b) less than or equal to 64 inches, (c) between 65
and 71 inches inclusive, (d) equal to 68 inches? Assume the measurements to be recorded to the nearest inch.

If the diameters of ball bearings are normally distributed with mean 0.6140 inches and standard deviation
0.0025 inches, determine the percentage of ball bearings with diameters (a) between 0.610 and 0.618 inches
inclusive, (b) greater than 0.617 inches, (c) less than 0.608 inches, (d) equal to 0.615 inches.



CHAPTER 4 Special Probabhility Distributions

4.82. The mean grade on a final examination was 72, and the standard deviation was 9. The top 10% of the students
are to receive A’s. What is the minimum grade a student must get in order to receive an A?

4.83. If a set of measurements are normally distributed, what percentage of these differ from the mean by (a) more
than half the standard deviation, (b) less than three quarters of the standard deviation?

4.84. If uis the mean and o is the standard deviation of a set of measurements that are normally distributed, what
percentage of the measurements are (a) within the range u * 20 (b) outside the range u = 1.20 (c) greater than
u— 1507

4.85. In Problem 4.84 find the constant a such that the percentage of the cases (a) within the range u * ao is 75%,
(b) less than u — aois 22%.

Normal approximation to binomial distribution

4.86. Find the probability that 200 tosses of a coin will result in (a) between 80 and 120 heads inclusive, (b) less than
90 heads, (c) less than 85 or more than 115 heads, (d) exactly 100 heads.

4.87. Find the probability that a student can guess correctly the answers to (a) 12 or more out of 20, (b) 24 or more
out of 40, questions on a true-false examination.

4.88. A machine produces bolts which are 10% defective. Find the probability that in a random sample of 400 bolts
produced by this machine, (a) at most 30, (b) between 30 and 50, (c) between 35 and 45, (d) 65 or more, of the
bolts will be defective.

4.89. Find the probability of getting more than 25 “sevens” in 100 tosses of a pair of fair dice.

The Poisson distribution

4.90. If 3% of the electric bulbs manufactured by a company are defective, find the probability that in a sample of
100 bulbs, (a) 0, (b) 1, (c) 2, (d) 3, (e) 4, (f) 5 bulbs will be defective.

4.91. In Problem 4.90, find the probability that (a) more than 5, (b) between 1 and 3, (c) less than or equal to 2, bulbs
will be defective.

4.92. A bag contains 1 red and 7 white marbles. A marble is drawn from the bag, and its color is observed. Then the
marble is put back into the bag and the contents are thoroughly mixed. Using (a) the binomial distribution,
(b) the Poisson approximation to the binomial distribution, find the probability that in 8 such drawings, a red
ball is selected exactly 3 times.

4.93. According to the National Office of Vital Statistics of the U.S. Department of Health and Human Services, the
average number of accidental drownings per year in the United States is 3.0 per 100,000 population. Find the
probability that in a city of population 200,000 there will be (a) 0, (b) 2, (c) 6, (d) 8, (e) between 4 and 8,

(f) fewer than 3, accidental drownings per year.

4.94. Prove that if X, and X, are independent Poisson variables with respective parameters A, and \,, then X, + X,
has a Poisson distribution with parameter A; + \,. (Hint: Use the moment generating function.) Generalize the
result to n variables.

Multinomial distribution

4.95. A fair die is tossed 6 times. Find the probability that (a) 1 “one”, 2 “twos” and 3 “threes” will turn up,
(b) each side will turn up once.
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4.96. A box contains a very large number of red, white, blue, and yellow marbles in the ratio 4:3:2:1. Find the
probability that in 10 drawings (a) 4 red, 3 white, 2 blue, and 1 yellow marble will be drawn, (b) 8 red and 2
yellow marbles will be drawn.

4.97. Find the probability of not getting a 1, 2, or 3 in 4 tosses of a fair die.

The hypergeometric distribution

4.98. A box contains 5 red and 10 white marbles. If 8§ marbles are to be chosen at random (without replacement),
determine the probability that (a) 4 will be red, (b) all will be white, (c) at least one will be red.

4.99. If 13 cards are to be chosen at random (without replacement) from an ordinary deck of 52 cards, find the
probability that (a) 6 will be picture cards, (b) none will be picture cards.

4.100. Out of 60 applicants to a university, 40 are from the East. If 20 applicants are to be selected at random, find the
probability that (a) 10, (b) not more than 2, will be from the East.

The uniform distribution
4.101. Let X be uniformly distributed in —2 < x = 2 Find (a) P(X < 1), (b) P(| X — 1| =3).

4.102. Find (a) the third, (b) the fourth moment about the mean of a uniform distribution.
4.103. Determine the coefficient of (a) skewness, (b) kurtosis of a uniform distribution.
4.104. If X and Y are independent and both uniformly distributed in the interval from 0 to 1, find P(|X — Y| = %).

The Cauchy distribution

4.105. Suppose that X is Cauchy distributed according to (29), page 114, with a = 2. Find (a) P(X < 2),
(b) P(X2 = 12).

4.106. Prove that if X, and X, are independent and have the same Cauchy distribution, then their arithmetic mean also
has this distribution.

4.107. Let X, and X, be independent and normally distributed with mean O and variance 1. Prove that Y = X, /X, is
Cauchy distributed.

The gamma distribution
4.108. A random variable X is gamma distributed with « = 3, 8 = 2. Find (a) PX = 1), (b) Pl = X = 2).

The chi-square distribution

4.109. For a chi-square distribution with 12 degrees of freedom, find the value of x2 such that (a) the area to the right
of x21is 0.05, (b) the area to the left of x2 is 0.99, (c) the area to the right of y2is 0.025.

4.110. Find the values of x2 for which the area of the right-hand tail of the y2 distribution is 0.05, if the number of
degrees of freedom v is equal to (a) 8, (b) 19, (c) 28, (d) 40.

4.111. Work Problem 4.110 if the area of the right-hand tail is 0.01.



4.112.

4.113.

4.114.

4.115.
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(a) Find x?% and x3 such that the area under the x2 distribution corresponding to v = 20 between 7 and x3 is
0.95, assuming equal areas to the right of x3 and left of x3. (b) Show that if the assumption of equal areas in
part (a) is not made, the values x3 and x3 are not unique.

If the variable U is chi-square distributed with v = 7, find 7 and x3 such that (a) P(U > x3) = 0.025,
(b) P(U < x3) = 0.50, (c) P(x} = U = x3) = 0.90.

Find (a) x3,s and (b) x3 5 for v = 150.

Find (a) x3 .5 and (b) x3 475 for v = 250.

Student’s t distribution

4.116.

4.117.

4.118.

4.119.

For a Student’s distribution with 15 degrees of freedom, find the value of ¢, such that (a) the area to the right of
t,is 0.01, (b) the area to the left of ¢, is 0.95, (c) the area to the right of ¢, is 0.10, (d) the combined area to the
right of ¢, and to the left of —, is 0.01, (e) the area between —¢, and ¢, is 0.95.

Find the values of ¢ for which the area of the right-hand tail of the ¢ distribution is 0.01, if the number of
degrees of freedom v is equal to (a) 4, (b) 12, (c) 25, (d) 60, (e) 150.

Find the values of ¢, for Student’s distribution that satisfy each of the following conditions: (a) the area
between —¢, and ¢, is 0.90 and v = 25, (b) the area to the left of —¢, is 0.025 and v = 20, (c) the combined
area to the right of 7, and left of —¢, is 0.01 and v = 5, (d) the area to the right of ¢, is 0.55 and v = 16.

If a variable U has a Student’s distribution with v = 10, find the constant ¢ such that (a) P(U > ¢) = 0.05,
B)P(—c=U=c¢)=098, (c) P(U=c) =0.20, (d) P(U=c) = 0.90.

The F distribution

4.120.

Evaluate each of the following:
(@) Fos,15,125 (0) Fo.90120,605 (€) Fo90.60245 (d) Fo 0130125 (€) Fi 059205 () Fog158-

ANSWERS TO SUPPLEMENTARY PROBLEMS

4.61.

4.62.

4.64.

4.67.

4.69.

4.71.

4.73.

(@) 1/64 (0)3/32 (c)15/64 (d)5/16 (e)15/64 (f)3/32 (g)1/64

(a)57/64 (b)21/32  4.63. (a) 1/4 (b)5/16 (c)11/16 (d)5/8

(@)250 (b)25 (c)500  4.65. (a) 17/162 (b)1/324  4.66. 64/243

193/512  4.68. (a) 32/243 (b) 192/243 (c) 40/243 (d) 242/243

(@42 (b)3.550 (c) —0.1127 (d)2.927

(@) npg(qg —p) (b) npg(1 — 6pq) + 3n2p2g? 4.72. (a) 1.5, —1.6 (b) 72,90

(@754 ()9  4.74. (2)0.8767 (b)0.0786 (c)0.2991
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4.75. (a) 0.0375 (b) 0.7123 (c) 0.9265 (d) 0.0154 (e) 0.7251 (f) 0.0395

4.76. (a) 0.9495 (b) 0.9500 (c) 0.6826

4.77. () 0.75 (b) —1.86 (c)2.08 (d) 1.6250r0.849 (e) =1.645

4.78. —0.995 4.79. 0.0668

4.80. ()20 (b)36 (c)227 (d)40

481. (1)93% (b)8.1% (c)0.47% (d)15% 4.82. 84

4.83. (a)61.7% (b) 54.7% 4.84. (a)954% (b)23.0% (c)93.3%

4.85. (a) 1.15 (b)0.77 4.86. (a) 0.9962 (b) 0.0687 (c)0.0286 (d) 0.0558
4.87. (a) 0.2511 (b) 0.1342 4.88. (a) 0.0567 (b) 0.9198 (c)0.6404 (d)0.0079
4.89. 0.0089 4.90. (a) 0.04979 (b) 0.1494 (c) 0.2241 (d) 0.2241 (e) 0.1680 (f) 0.1008
4.91. (a) 0.0838 (b) 0.5976 (c) 0.4232 4.92. (a) 0.05610 (b) 0.06131

4.93. (a) 0.00248 (b) 0.04462 (c) 0.1607 (d)0.1033 (e) 0.6964 (f) 0.0620

4.95. (a) 5/3888 (b)5/324 4.96. (a) 0.0348 (b) 0.000295

497. 1/16  4.98. (a)70/429 (b) 1/143 (c) 142/143
13\/ 39 52 13\/ 39 52
499. (a)<6)<7>/(13) (b)(0><13)/<13>

40\/20 60
4.100. (a) ( { O>(1 0) / (20) () [(40Co)(20Ca0) + GoCDGCro) + (40C)(C18)]/60Ca0

4.101. (2)3/4 (b)3/4 4102 ()0 (b) (b — a)*/80

4.103. )0 (5)9/5  4.104. 1/4

13
8Ve

(b) %e*l/2 — ée*l

4.105. (a)3/4 (b)1/3 4.108. (a) 1 — )

4.109. (2)21.0 (b)26.2 (c)23.3  4.110. (a) 155 (b)30.1 (c)41.3 (d)55.8

4.111. (a)20.1 (b)36.2 (c)483 (d)63.7 4.112. (a) 9.59 and 34.2
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4.113. (a) 16.0 (b) 6.35 (c) assuming equal areas in the two tails, y} = 2.17 and x3 = 14.1
4.114. (a) 122.5 (b) 179.2 4.115. (a) 207.7 (b) 295.2

4.116. (a)2.60 (b) 1.75 (c)1.34 (d)2.95 (e)2.13

4.117. (a)3.75 (b)2.68 (c)2.48 (d)2.39 (e)2.33

4.118. (a) 1.71 (b)2.09 (c)4.03 (d) —0.128

4.119. (a) 1.81 (b)2.76 (c) —0.879 (d) —1.37

4.120. (a)2.62 (b)1.73 (c)2.40 (d)0.352 (e)0.340 (f)0.166
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