
STAT 1632 Intermediate Mathematical Statistics

Dr. Yu Cheng, Practice Midterm I

SHOW ALL WORK

Your Name:

1. (25 points) Suppose an observation X is from a negative binomial distribution with

the p.f.

f(x|θ) =

(
x− 1

r − 1

)
θr(1− θ)x−r, x = r, r + 1, . . . ,

where the parameter r is known and θ is unknown. Suppose that the prior distribution

of θ is a beta distribution with hyper-parameters α > 0 and β > 0 both known:

ξ(θ) =


Γ(α+β)

Γ(α)Γ(β)
θα−1(1− θ)β−1 θ > 0,

0 otherwise,

(a) (10 points) Derive the posterior distribution of θ.

(b) (5 points) Find the Bayes estimator of θ under the squared error loss.

(c) (10 points) Is the Bayes estimator a minimal sufficient statistic? Why?

2. (25 points) The Hardy-Weinberg law in genetics says that the proportions of genotypes

AA, Aa, and aa are θ2, 2θ(1− θ), and (1− θ)2, respectively where θ ∈ [0, 1]. Suppose

that in a random sample of n from the population, there are X1 individuals of type

AA, X2 individuals of type Aa, and X3 individuals of type aa.

(a) (5 points) What distribution do the counts (X1, X2, X3) follow?

(b) (5 points) Write down the likelihood function.

(c) (10 points) Find the MLE of θ.

(d) (5 points) Find the MLE of the proportions of genotypes AA, Aa, and aa, respec-

tively.
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3. (20 points) Suppose that X1, . . . , Xn form a random sample from a shifted exponential

distribution with p.d.f.

f(x|θ1, θ2) =

θ1 exp[−θ1(x− θ2)] x ≥ θ2,

0 otherwise,

where θ1 > 0.

(a) (10 points) Find a two-dimensional sufficient statistic for (θ1, θ2).

(b) (10 points) Find the MLE of (θ1, θ2).

4. (30 points) Suppose that X1, . . . , X10 form a random sample from a distribution which

has the p.d.f

f(x|θ) =

2θ2x exp{−(θx)2} x ≥ 0,

0 otherwise,

where θ > 0 is unknown. Let T = X2
1 + · · ·+X2

10.

(a) (10 points) Show that T is a sufficient statistic for θ.

(b) (10 points) What is the distribution of 2θ2T?

(c) (10 points) Based on the results, construct a 95% C.I. for θ when T = 10. (Note

that you may need to use the following χ2 quantiles: χ2
10,0.025 = 3.25, χ2

10,0.975 =

20.48, χ2
20,0.025 = 9.59, χ2

10,0.975 = 34.17.)

2


