
Adv. App. Multivariate Analysis homework 2

Due date: Oct 31.

1. Let Xi be i.i.d. N2(µ,Σ). Given observations xi, i = 1, . . . , 42, we have sufficient statistics x̄ =

(.564, .603)′ (sample mean) and S =

[
.0144 .0117
.0117 .0146

]
, (sample variance). Now consider constructing a

confidence region of size α for µ.

(a) What is the MLE for Σ?

(b) Evaluate the expression for 95% elliptical confidence region for µ. Denote this region as R1.

(c) Is µ1 = (.60, .58)′ in R1?

(d) Evaluate the simultaneous confidence intervals for µ1 and µ2, where µ = (µ1, µ2)′ (cf. Proposition
2, lecture 3). Denote this region as R2.

2. Bonferroni method for multiple comparison. Alternatively one can use Bonferroni method for multiple
comparison. Since there are only two parameters (µ1, µ2) involved, Bonferroni method is advantageous
compared to the simultaneous confidence intervals. In general, for m linear combinations a′1µ, . . . ,a

′
mµ,

denote Ci be the confidence interval for the ith linear combination, a′iµ with confidence level αi. We
have

P (a′iµ ∈ Ci, for all i) = 1− P ( at least for one i,a′iµ /∈ Ci)

≥ 1−
m∑
i=1

P (a′iµ /∈ Ci)

= 1− (α1 + · · ·+ αm). (1)

(a) Show that the interval Ci(αi) = a′ix̄ ± tn−1(αi/2)
√

a′Sa/n is a confidence interval of a′iµ with
confidence level αi.

(b) Verify the inequality (1), for m = 3. [Hint: You may use Venn Diagrams for related events.]

(c) Verify the following:
P (a′iµ ∈ Ci(α/m), for all i) ≥ 1− α.

This gives a Bonferroni type simultaneous confidence intervals Ci(α/m) for level α.

(d) Using the data in problem 1, evaluate the simultaneous confidence intervals for µ1 and µ2 using
the Bonferroni method. Denote this region as R3.

(e) Sketch a graph for the regions R1, R2, R3 in x-y coordinates. Which one do you prefer and why?

3. Using the data in problem 1, conduct a hypothesis test for

H0 : µ = (.60, .58) vs H1 : not H0.

Report your p-value.

4. Given multivariate data X = [x1, . . . ,xn], denote the centered observations x̃i = x− x̄. Show that the
criterion for the first sample principal component direction u, maximization of the sample variance of
u′x̃i, is equivalent to minimization of the residual sum of squares. The ith residual is

‖x̃i −
u′x̃i

u′u
u‖.



5. PCA for pendigit data. The dataset is from UC Irvine Machine Learning Repository at http://

archive.ics.uci.edu/ml/datasets/Pen-Based+Recognition+of+Handwritten+Digits. Read the
data set description at the webpage linked above and also Section 7.2.10 of Izenman. We take a subset
of data contained in pendigit3.txt (download this file at the course webpage). The data set contains
n = 1055 observations of p = 16 variables, with last column of the dataset, containing ’3’s, represents
that the observation is a writing of a digit 3. The 16 variables are equispaced locations of pen at 8
timepoints, and are arranged as (x1, y1), (x2, y2), . . . , (x8, y8).

(a) Visualize the first observation by plotting x against y. You should see the digit 3.

(b) Perform PCA for this dataset and report the result by 1) scatterplot matrix of principal compo-
nents and 2) scree plot.

(c) Do the data look as if they are from a MVN distribution?

(d) How many components will you keep? Give a justification.

(e) Walk along each of the first four principal components. Explain the modes of variation captured
by each component.

(f) Now open the data in pendigit8.txt. Combine two datasets into one, forming a data matrix
with N = 2110 observations. Perform PCA on this dataset and report the result by scatterplot
matrix of principal components. Do you see a nice separation of observations corresponding to
the digit 3 and digit 8?

6. Binary Classification of pendigit data. Using the combined data (used in Problem 4(f)), perform
binary classification using (a) LDA, (b) Nearest Centroid rule, (c) QDA, and (d) 5-Nearest Neighbors.
Use 10-fold cross validation to report misclassification rates of these four classifiers.


