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Any result derived in the course notes or texts may be quoted without proof, as long as you
give me enough information to follow your method.

1. Principal Component Analysis was performed on Olympic Decathlon data set, which con-
tains the performances of 33 men’s decathlon at the Olympic Games (1988). There are two
components of the dataset,

• tab is a data frame with 33 rows and 10 columns events of the decathlon: 100 meters
(100), long jump (long), shotput (poid), high jump (haut), 400 meters (400), 110-meter
hurdles (110), discus throw (disq), pole vault (perc), javelin (jave) and 1500 meters
(1500).

• score is a vector of the final points scores of the competition.

Run the R codes in PCA_Olympic.R and answer the following.

(a) PCA was performed for the original data (the usual PCA) and also for the scaled data
(the correlation PCA). For this data analysis, in what reasons would you prefer to
perform correlation PCA?

(b) One of the goals of PCA is to reduce the dimension of the original data. In this example,
how many principal components would you retain? Explain.

(c) Which principal component can be interpreted as a good measure of overall performance?

2. Let x1 and x2 be measurements of x1 = tail length and x2 = wing length (both in mm) from
Hook-billed kites. Suppose that it is known

X = (X1, X2)
′ ∼ N2

((
195
280

)
,

(
120 125
125 210

))
.

What is the distribution of wing lengths for those birds that have tail lengths of 190 mm?

3. Suppose that X ∼ Np(µX ,ΣX) and Y ∼ Np(µY ,ΣY ) and X and Y are independent. What
is the distribution of X−CY where C is a p× p matrix of constants?

4. Let X = [X1, . . . ,Xn] be a p × n data matrix, whose singular-value decomposition is X =
UΛV′ =

∑p
i=1 λiuiv

′
i. By convention, we have λ1 > λ2 > · · · > λp > 0.

1



(a) What are the eigenvalues of S1 = XX ′?
(b) What are the eigenvalues of S2 = X ′X ?

(c) Let X̃ = [X1− X̄, . . . ,Xn− X̄] be the centered data matrix. Evaluate the total (sample)
variance TX , defined by the sum of marginal variances

TX =

p∑
i=1

s2ii, s
2
ii =

n∑
j=1

(X̃ij)
2,

as a function of singular values of X̃ .

5. Let X ∼ Np(µ,Σ), p ≥ 2. Let (ui, λi) (1 ≤ i ≤ p) be the ith eigenvector-eigenvalue pair of Σ.
Let Zi be the ith principal component (score).

(a) What is Var(Zi)?

(b) What is the distribution of Z = (Z1, Z2)
′?

6. The assembly of a driveshaft for an automobile requires the circle welding of tube yokes to a
tube. The inputs to the automated welding machines must be controlled to be within certain
operating limits where a machine produces welds of good quality. In order to control the
process, one process engineer measured four critical variables:

Xl = Voltage (volts)

X2 = Current (amps)

X3 = Feed speed(in/min)

X4 = (inert) Gas flow (cfm)

It is reasonable to assume that for some unknown µ and Σ, X = (X1, . . . , X4)
′ ∼ N4(µ,Σ).

(a) We wish to test whether the four variables are independent, under the normal assump-
tion. State the null and alternative hypotheses.

(b) Assuming that n independent observations of X are given, evaluate the restricted m.l.e.
of µ and Σ under the null hypothesis.

(c) Evaluate the likelihood ratio statistic.

(d) Suppose the (unrestricted) maximum likelihood estimate of Σ from a sample of size 50
is S, where det(S) = e2, and

∏4
i=1 sii = e3 (where sij is the (i, j)th element of S).

Based on your answer in (c), would you conclude that there is no dependence between
these measurements? [Hint: The (1− 0.05)-quantile of χ2

6 is χ2
1−0.05,6 = 12.59]


